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We show that massless fermions at zero temperature define a relativistic quantum super-
fluid. The low energy fermion/anti-fermion collective pair excitations of the Fermi-Dirac
sea are propagating Chiral Density Waves (CDWs), i.e. acoustic modes characterized by
a hydrodynamic action principle and the Hamiltonian of an irrotational and dissipationless
perfect fluid. In D= 2 dimensions the chiral superfluid effective action coincides with that
of the Schwinger model as e → 0, with the CDW acoustic mode precisely the Schwinger
boson required by the axial anomaly. Upon quantization, the canonical commutator of the
gapless CDW of the superfluid also coincides with the anomalous current commutator of the
bosonized Schwinger model, an identity holding as well at zero chiral density, implying that
the Dirac vacuum itself may be viewed as a quantum superfluid state. We show that the
gapless CDW collective boson is a U ch(1) phase field, following from a somewhat novel re-
alization of the Nambu-Goldstone theorem, due to the periodic vacuum structure, and axial
anomaly in all higher even dimensional spacetimes. In QED4 this Goldstone mode appears
as a massless pole in the axial anomaly triangle diagram, and is directly responsible for the
macroscopic Chiral Magnetic and Chiral Separation Effects. The effect of electromagnetic
interactions and finite fermion mass as well as possible extensions and connection of the
macroscopic superfluid description to microscopic field theory are briefly discussed.
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2I. INTRODUCTION
Hydrodynamics is a general continuum effective field theory description of many body physics
on macroscopic distance scales, when conditions of approximate local equilibrium and conservation
laws can be assumed [1]. Quantum Field Theory (QFT) is the presumed fundamental microscopic
underpinning of this many body physics. Generally the distance between the two descriptions is
large enough that the precise relationship between them, and specifically how macroscopic behavior
emerges from microscopic physics is quite difficult to discern.
The classical fluid description is modified when the temperature goes to zero, and dissipational
effects are suppressed. In such circumstances superfluid behavior may be seen, characterized ex-
perimentally by persistent flow, and theoretically by the spontaneous breaking of a continuous
global phase symmetry in its ground state. The quantum phase field describes a gapless Nambu-
Goldstone sound mode whose derivatives are the superfluid velocity field and whose low energy
interactions are determined by the equilibrium equation of state of the system [2]. In macroscopic
superfluidity at T = 0, the close connection to the microscopic QFT underpinning is much more
apparent.
Although a quantum anomaly represents an explicit breaking of symmetry, it shares some
features of the spontaneously broken case, and in particular, also leads to a massless bosonic
collective excitation [3, 4], whose effects can extend to macroscopic scales [5, 6]. This suggests that
an effective superfluid description should apply also to anomalous global symmetries at T = 0, at
least in the limit where the interactions producing the anomaly are weak or can be neglected. If
the Nambu-Goldstone theorem can be extended to the case of global symmetries broken only by
quantum anomalies, it would then become possible to regard the massless boson excitation implied
by the anomaly as also the gapless sound mode of a quantum superfluid state.
In this paper we demonstrate that the effective action of the axial anomaly of massless QED does
imply relativistic superfluid behavior of zero temperature fermion systems. The collective boson of
fermion/anti-fermion pair excitations of the filled T =0 Fermi-Dirac sea, required by the anomaly is
a Chiral Density Wave (CDW) that can be identified with the gapless sound mode of the superfluid
description. The existence of a massless bosonic collective excitation may also be demonstrated
by a novel non-linear realization of Goldstone’s theorem, resulting from the anomalous current
commutators, or Schwinger terms, in the QFT description. In the limit when the interaction
with external electromagnetic fields is turned off, so that the axial anomaly violating the U ch(1)
symmetry itself vanishes, the effective action, commutation relations and ground state/vacuum
3structure it implies leads to the existence of a Goldstone boson, which coincides with the gapless
acoustic excitation of the quantum superfluid description. Thus a clear direct relationship between
the effective macroscopic superfluid and QFT microscopic descriptions is established in this case.
In D=2 dimensions this relationship between quantum superfluidity and massless fermion QFT
becomes an identity. We demonstrate that the Schwinger model of massless QED2 [7] is in fact a
chiral quantum superfluid at T =0 and vanishingly small electric charge coupling e→0. The chiral
boson of the bosonized form of the Schwinger model is both a Chiral Density Wave and Charge
Density Wave perturbation on the Fermi-Dirac sea, and also the Goldstone acoustic mode of the
chiral superfluid description. For non-zero chiral chemical potential µ5 and fermion chiral charge
density n5, this bosonic CDW is a fermion/hole pair excitation of the Fermi sea. Since the acoustic
mode depends on the ratio µ5/n5 = pi in D= 2 for free fermions, this description extends also to
limiting case of µ5, n5 → 0, whereupon the CDW becomes a fermion/anti-fermion pair excitation
of the Dirac vacuum itself, which may therefore be regarded equally well as a superfluid state.
This result, dependent upon the bosonization of fermion/anti-fermion pair excitations, can be
extended to D = 4 and higher (even) dimensions in the longitudinal sector of the axial current,
where the massless CDW boson resides. This shows that macroscopic superfluidity effects persist
in higher dimensions as a direct result of the axial anomaly, at least at zero temperature and in
a subsector of the theory when there are no other interactions. We also show that the massless
boson anomaly pole of the well-known triangle 〈Jλ5 JαJβ〉 diagram composed of massless fermions
is entirely responsible for the Chiral Magnetic and Chiral Separation Effects of QED4 [8–10]. This
establishes an additional connection between macroscopically observable effects and the microscopic
QFT underlying them, when quantum anomalies are present. In the limit of a constant and uniform
magnetic field B, and with a parallel E field independent of the transverse coordinates, the D=4
axial anomaly reduces to the D= 2 case, and the D= 4 CDW along the common E,B direction
becomes identical to that in D=2, as an explicit example of dimensional reduction.
The paper is organized as follows. In the next Section we define the Euler-Lagrange variational
principal for a relativistic chiral superfluid at T = 0 in any dimension, taking the axial current
anomaly into account, and derive the corresponding Hamiltonian, showing that its dynamics is
irrotational, fully reversible and dissipationless. In Sec. III we show that this chiral superfluid
effective action in D = 2 coincides with that of the Schwinger model of massless QED2 at zero
coupling. In Sec. IV we show how the anomalous current commutators (Schwinger terms) required
by the axial anomaly lead to a non-linear realization of Goldstone’s theorem and a gapless Nambu-
Goldstone boson excitation. We discuss also how this non-linear realization may be regarded
4as a certain limit of the usual linear realization where the role of vacuum expectation value is
taken by the ratio n5/µ5 of the fluid. In Sec. V we reconsider the axial triangle anomaly in
massless QED4, give a new form of the bosonic effective action it implies, and show that this
effective action is responsible for both the Chiral Magnetic Effect (CME) and Chiral Separation
Effect (CSE), describing a massless chiral boson collective excitation, whose canonical commutator
implies the anomalous Schwinger terms in current commutators. When E ‖ B and B is constant
and uniform in space the axial anomaly in D = 4 factorizes and reduces to the D = 2 case.
Sec. VI contains the description of a relativistic chiral superfluid of massless Dirac fermions in
D=4, explicitly exhibiting its CDW Nambu-Goldstone mode which propagates at the sound speed
v2s =
dp
dε . Electromagnetic interactions giving rise to mixed Chiral Density and Chiral Magnetic
Waves are discussed in Sec. VII, and the effects of finite fermion masses briefly discussed in Sec. VIII.
There are three Appendices, the first on fluid energy-momentum conservation in the presence of
the anomaly and relationship to the fluid Hamiltonian, and the second collecting a number of
useful formulae for free fermions in two dimensions and their bosonization, the third clarifying the
vacuum periodicity, and fate of the Goldstone mode in the Schwinger model as e→0.
II. IDEAL HYDRODYNAMICS OF AN ANOMALOUS CHIRAL FLUID
A. Euler-Lagrange Action Principle
The action principle for relativistic ideal fluids have been discussed by several authors [11, 12].
It generalizes the corresponding Euler-Lagrange action principle for non-relativistic fluids, the key
feature of which is the introduction of a ‘dynamic velocity’ vector field ξλ that can be expressed
in terms of scalar (Clebsch) potentials [13]. In its relativistic generalization the dynamic velocity
ξλ is a covariant D-vector in D spacetime dimensions that couples to the conserved current whose
hydrodynamic flow is under study. In this paper the fermionic chiral current Jλ5 = ψ¯γ
λγ5ψ will be
our primary focus. In general several Clebsch potentials, denoted here by η, α, β, . . . are necessary
to describe rotational motions of a fluid and its entropy flow at finite temperature, and the dynamic
velocity can be expressed ξλ = −∂λη+α∂λβ+ . . . [11]. If the fluid is ideal, irrotational and at zero
temperature, then the dynamic velocity field can be expressed as a pure gradient of a single scalar
potential which will be denoted by η, so that ξλ = −∂λη. In that case the minimal action for ideal
hydrodynamics of a chiral fluid in D = d+ 1 (even) spacetime dimensions can be taken to be
Sχfl =
∫
dDxLχfl =
∫
dDx
{(
∂λη +A5λ
)
Jλ5 + ηAD−ε(n5)
}
(2.1)
5where n5 is the chiral number density in the fluid rest frame, ε(n5) is the equilibrium energy density
of the fluid in its rest frame, and A5λ is an external axial potential, such that the variation
δSχsf
δA5λ
= Jλ5 = n5 u
λ (2.2)
is defined, with uλ the relativistic kinetic velocity of the fluid.1 Since the relativistic velocity is
normalized by uλuλ = u
λgλνu
ν = −1 in units in which the speed of light c = 1, with gλν the
spacetime metric, the chiral number density can be expressed
n5 ≡
(
−J5λJ5λ
) 1
2
(2.3)
in a relativistically invariant form in terms of the chiral current. The AD term takes account of the
chiral current anomaly in (2.4) below. For other discussions of relativistic hydrodynamic action of
anomalous fluids and superfluids, see [14–18].
The variational principle for the fluid action (2.1) requires that the pseudoscalar Clebsch poten-
tial η and the axial current Jλ5 be varied independently, in addition to the variation (2.2). Variation
with respect to η gives
∂λJ
λ
5 = AD (2.4)
where AD is the axial anomaly for massless Dirac fermions. We discuss the D = 2, 4 cases explicitly
in the following sections, and provide a basis for the hydrodynamic action (2.1) from QFT first
principles, identifying η with a dynamical phase field of chiral symmetry breaking.
In view of (2.3), variation of (2.1) with respect to the current Jλ5 gives
δ
δJλ5
Sχfl = ∂λη +A5λ −
(
dε
dn5
)(
dn5
dJλ5
)
= ∂λη +A5λ +
µ5
n5
J5λ = 0 (2.5)
where
µ5 ≡ dε
dn5
(2.6)
is the equilibrium chiral chemical potential. Thus using (2.2) the dynamic velocity field is
ξλ = −∂λη = µ5 uλ (2.7)
where we set the external axial potential A5λ = 0 here and in the following. We also have
µ5 =
(− ξλξλ) 12 = (−∂λη ∂λη) 12 (2.8)
1 In an abuse of notation we use a subscript 5 for the axial potential and axial current, in any D even dimension.
6analogously to (2.3).
The vorticity of the fluid involves the curl of the velocity field ∇ × u, whose relativistically
covariant definition involves the fully anti-symmetric tensor u[α∂βuγ]. This vanishes identically in
D = 2, while in D = 4 the relativistic vorticity pseudovector is defined by
ωλ ≡ 1
2
λαβγ uα∂βuγ
=
1
2µ5
λαβγ uα
[
∂β(µ5uγ)− uγ∂βµ5
]
=
1
2µ25
λαβγ ξα ∂βξγ = 0 (2.9)
which vanishes since ξλ in (2.7) is a pure gradient. This continues to hold in any number of
dimensions. Thus (2.1) with (2.7) describes an irrotational fluid, provided η is non-singular.
If (2.1) is evaluated at the extremum (2.5), denoted by an overline
Sχfl
∣∣∣
AD=0
=
∫
p dDx =
∫
dt
∫
p ddx (2.10)
where
p(µ5) = µ5 n5 − ε = n25
d
dn5
(
ε
n5
)
,
dp
dµ5
= n5 (2.11)
is the pressure of the perfect fluid, neglecting the anomaly term AD. Thus the fluid effective action
at its extremum (2.10) is (minus) the grand canonical potential of the fluid with conserved axial
current, when
∫
dt is replaced by β = 1/kBT upon continuation to imaginary time appropriate to
the finite temperature equilibrium ensemble, although in this paper we work in real time and at
T =0. The effective action of finite temperature fluids requires additional Clebsch potentials [11].
B. Canonical Hamiltonian Formulation
The dissipationless nature of the perfect chiral fluid described by (2.1) is made clear from its
Hamiltonian form [12, 17, 19]. Defining
Πη ≡ δ
δη˙
Sχfl = J
0
5 (2.12)
the momentum conjugate to η, we find the Hamiltonian density
Hχfl = Πη η˙ − Lχfl = − J i5∇iη − ηAD + ε (2.13)
at A5λ = 0. To express this in terms of the canonical pair (η,Πη) we first solve (2.5) for
J i5 = −
n5
µ5
∇iη (2.14)
7again at A5λ = 0, and thus from (2.11) obtain
ε− J i5∇iη = µ5n5 − p+
n5
µ5
(∇iη) (∇iη) = n5
µ5
[
µ25 + (∇η)2
]− p (2.15)
while from (2.3), (2.12) and (2.14) we have
Π2η = n
2
5 + J5iJ
5i = n25 +
n25
µ25
(∇η)2 =
(
n5
µ5
)2 [
µ25 + (∇η)2
]
. (2.16)
Therefore
n5
µ5
=
1
µ5
dp
dµ5
=
|Πη|√
µ25 + (∇η)2
≥ 0 (2.17)
where the positive square root is always taken. Making use of (2.15) and (2.17), (2.13) becomes
Hχfl[η,Πη] = |Πη|
√
µ25 + (∇η)2 − p(µ5)− ηAD (2.18)
where µ5[η,Πη] and p(µ5) are to be regarded here as implicit functions of Πη and the spatial
derivatives ∇iη through (2.17), once the functional form of p = p(µ5) is specified.
The fluid Hamiltonian is therefore Hχfl =
∫
ddxHχfl and Hamilton’s eqs. are
η˙ =
δ
δΠη
Hχfl =
µ5
n5
Πη = sgn(Πη)
√
µ25 + (∇η)2 (2.19a)
Π˙η = − δ
δη
Hχfl = ∇·
(
n5
µ5
∇η
)
+AD (2.19b)
for the canonical pair (η,Πη), since the variations of the µ5 dependence drops out upon using
(2.17). Eq. (2.19a) recovers the time component of (2.5), and then the second eq. (2.19b) is
∂
∂t
(
n5
µ5
∂η
∂t
)
−∇·
(
n5
µ5
∇η
)
= ∂λJ
λ
5 = AD (2.20)
which recovers the axial current anomaly (2.4), if (2.12) and (2.14) are used.
When (2.20) is applied to small perturbations of the equilibrium fluid, it describes a gapless
CDW acoustical mode with AD as its source. Thus the perfect chiral fluid hydrodynamics deter-
mined by (2.1) is both irrotational and dissipationless, with a time reversible Hamiltonian dynamics
(2.19) and a gapless excitation. These are necessary features of a chiral superfluid [20, 21]. We shall
show in Sec. IV that η is a phase field associated with spontaneous breaking of U ch(1) symmetry,
giving rise to a Nambu-Goldstone mode, establishing this last requirement for superfluidity.
The Hamiltonian fluid acoustic mode is quantized by replacing the Poisson bracket of the
canonical pair {η,Πη} by their equal time commutator[
η(t,x),Πη(t,x
′)
]
=
[
η(t,x), J05 (t,x
′)
]
= i δd(x− x′) (2.21)
(in units where ~ = 1). We shall show presently that this canonical commutator of the hydrody-
namic description is in fact required by the anomalous current commutators of the underlying QFT
description of a quantum chiral superfluid.
8C. Chiral Superfluid Energy-Momentum Tensor
The Energy-Momentum Tensor for the chiral fluid may be found by generalizing the effective
hydrodynamic action (2.1) to curved spacetime by the Equivalence Principle, given by [11, 12, 17]
Sχsf =
∫
dDx
√−g
{
Jλ5 ∂λη − ε(n5)
}
+
∫
dDx ηAD (2.22)
where we have set A5λ = 0, and used the fact that the axial anomaly term AD is directly a tensor
density and thus does not acquire a
√−g ≡√−det (gλν) factor. It follows that
T λν =
2√−g
δSχsf
δgλν
= p gλν + (p+ ε)uλuν = p gλν +
n5
µ5
∂λη ∂νη (2.23)
where in performing the metric variation in (2.23) ∂λη and J
λ
5 are taken to be metric independent,
while J5λ = gλνJ
ν
5 . The anomaly term AD, lacking a
√−g factor, does not contribute to T λν in
the variation (2.23). The anomaly term does give a contribution to the electromagnetic current
Jν =
(
δSχsf
δAν
)
=
δ
δAν
∫
dDx ηAD (2.24)
dependent upon η. The energy-momentum tensor (2.23) is that of a perfect chiral fluid.
The divergence of (2.23) evaluated in flat spacetime reads
∂νT
λν = ∂λp+ ∂ν
(
n5
µ5
∂νη
)
∂λη +
n5
µ5
(∂νη)(∂λ∂νη) . (2.25)
Using (2.8) and (2.11), the pressure gradient in this expression is
∂λp =
dp
dµ5
∂λµ5 = −n5
µ5
(
∂νη
)(
∂ν∂λη
)
(2.26)
which cancels the last term in (2.25), resulting in
∂νT
λν = ∂ν
(
n5
µ5
∂νη
)
∂λη = −(∂νJν5 )(∂λη) = −AD ∂λη (2.27)
where the relation (2.5) between Jν5 and ∂
νη and the anomalous divergence (2.4) have been used.
Eq. (2.27) together with the anomaly eq. (2.4) show that if AD vanishes, so that J
ν
5 is conserved,
then the Energy-Momentum Tensor T λν is conserved as well. In the presence of an external, i.e.
non-dynamical, electromagnetic field the non-conservation of the Energy-Momentum Tensor (2.27)
is expected, and should be given by
∂νT
λν = F λνJν (2.28)
where Jν is the electromagnetic current (2.24) induced by the anomaly. Proof of the equality of
(2.27) and (2.28), as well as the reason for the difference between the Hamiltonian (2.18) and T 00
are given in Appendix A, as both depend upon the special properties of the axial anomaly AD.
9III. QUANTUM CHIRAL SUPERFLUID IN TWO DIMENSIONS
In this section we show that the bosonized form of massless free fermions in D = 2 in fact
coincides the effective chiral fluid description of the previous section, thus justifying the quantum
superfluid interpretation of (2.1), and deriving it from first principles in the D = 2 case.
A. The Schwinger Model and its Axial Anomaly
Electrodynamics in 1 + 1 dimensions, QED2, is defined by the classical action
Scl =
∫
d2xψ
{
iγa
(↔
∂a−iAa
)−m}ψ − 1
4e2
∫
d2xFabF
ab (3.1)
and is exactly soluble for vanishing fermion mass m = 0 [7]. The solution relies upon the spe-
cial property of the Dirac matrices γaγ5 = −abγb in two dimensions.2 This property has the
consequence that the chiral current
ja5 ≡ ψγaγ5ψ = −abψγbψ = −abjb (3.2)
is dual to the charge current ja ≡ ψγaψ. Both currents ja, ja5 would appear to be conserved
Noether currents, corresponding to the classical U(1)×U ch(1) symmetry of the Dirac Lagrangian
in (3.1) when m = 0. However, both U(1) symmetries cannot be maintained at the quantum level,
since there is an anomaly [22].
The addition of the FabF
ab term in (3.1) and consistency of Maxwell’s eqs. ∂aF
ba = e2jb
requires ∂aj
a = 0, and the breaking of the U ch(1) chiral symmetry. Explicitly, if conservation of
ja is enforced, then (3.2) and the one-loop vacuum polarization ‘diangle’ diagram of Fig. 1 implies
ja5 (x)
∣∣∣
m=0
= −iab
∫
d2y 〈T ∗jb(x)jc(y)〉0 Ac(y)
= −ab
∫
d2yΠbc2 (k) e
ik·(x−y)Ac(y) (3.3)
where T ∗ denotes covariant time ordering, and
Πbc2 (k) =
1
pik2
(
kbkc − gbck2
)
(3.4)
is the polarization tensor for massless fermions in D = 2. Thus
ja5 (x)
∣∣∣
m=0
=
1
pi
ab
∫
d2y −1xy ∂cF
c
b(y) =
1
pi
∂ax
∫
d2y −1xy F˜ (y) (3.5)
2 Notation: Indices a, b = 0, 1; Metric gab = diag(−1, 1)=gab; ab = −ab; 01 = +1 =−01; Fab ≡ ∂aAb − ∂bAa;
↔
∂a≡ 12
(→
∂a −
←
∂a
)
; 2 × 2 Dirac matrices γ0=σ2=(γ0)†, γ1= iσ1, γ5=γ0γ1=σ3; with σi, i = 1, 2, 3 the usual Pauli
matrices, ψ ≡ ψ†γ0, and anti-symmetization over ψ,ψ is understood. We use lower case ja, jb5 for currents and a, b
for Latin indices in D = 2 to distinguish them from D ≥ 4 currents Jν , Jλ5 with Greek indices ν, λ etc.
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where F˜ ≡ 12abFab is the pseudoscalar dual to Fab, and −1xy = − 14pi ln(x−y)2 +const. is the mass-
less scalar propagator in D = 2. Thus the chiral current (3.5) acquires the anomalous divergence
∂aj
a
5 =
1
2pi
abFab =
F˜
pi
= A2 (3.6)
at the one-loop level. This turns out to be an exact result in massless QED2, because a further
special property of massless QED2 is that the current induced by a background gauge potential is
strictly linear in Aa for arbitrary Aa. Note also that F˜ = F10 = E is just the electric field in one
spatial dimension.
The chiral anomaly (3.6) corresponds to the exact non-local 1PI effective action
SNLanom[A] = −
1
2pi
∫
d2x
∫
d2y F˜x
−1
xy F˜y (3.7)
obtained by integrating out the massless fermions in the functional integral for (3.1). Variation of
(3.7) with respect to Aa and making use of ja = −ab jb5 gives (3.5).
FIG. 1: One-loop fermion polarization diagram (a) and equivalent pseudoscalar tree diagram (b).
The appearance of the 1/k2 massless pole in (3.5) corresponding to the massless scalar prop-
agator ( −1)xy in the 1PI non-local effective action (3.7) signals that an effective scalar boson
degree of freedom is associated with the anomaly. Indeed a (pseudo)scalar boson field χ may be
introduced to rewrite the non-local action (3.7) in the local form [23]
Sanom[χ;A] =
∫
d2x
{
−pi
2
(
∂aχ
)(
∂aχ
)− F˜ χ} (3.8)
whose variation with respect to χ gives
χ =
1
pi
F˜ . (3.9)
Solving this eq. for χ by inverting , and substituting the result back into (3.8) returns (3.7).
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The axial and vector currents may be expressed in terms of the effective boson field χ by
ja5 = ∂
aχ , ja =
δ
δAa
Sanom = −ab∂bχ (3.10)
so that the conservation of ja becomes a topological identity and the chiral anomaly (3.6) follows
from the eq. of motion for χ (3.9). This is the chiral bosonization of fermion currents in 1 + 1
dimensions [24, 25]. The chiral boson χ obeys a massless wave eq. (3.9) with A2 as its source,
becoming finite ranged with a mass M = e/
√
pi only if the coupling e 6= 0 in (3.1).
The explicit Fock space operator representation of the chiral boson in terms of fermion bilinears
is given in Appendix B. These lead to the canonical equal time commutator[
χ(t, x), χ˙(t, x′)
]
=
i
pi
δ(x− x′) (3.11)
which is exactly the canonical commutation relation expected by from the action functional (3.8)
directly. From (B8)-(B13) the fermion current densities in the Fock space representation are
j0 = ∂xχ = j
1
5 (3.12a)
j1 =−∂tχ = j05 (3.12b)
recovering the bosonization relations (3.10) obtained in the effective action representation. These
relations and the commutator (3.11) imply[
j0(t, x), j1(t, x′)
]
= − i
pi
∂x δ(x− x′) (3.13)
which is the Schwinger term in the equal time commutator of the current components [26]. The nor-
mal ordering prescription on the currents and precise definition of the fermion vacuum is essential
to derive these commutation relations in the fermion representation.
Thus the anomalous Schwinger current commutator in QED2 is equivalent to the canonical
commutator of the chiral boson χ, which is a genuinely propagating collective degree of freedom
composed of fermion bilinears, whose massless propagator in (3.5) is associated with the axial
anomaly. The fermion bilinears are correlated/entangled fermion pairs in the two-fermion interme-
diate states of the polarization diagram Fig. 1, moving co-linearly at the speed c = 1, and equivalent
to a massless boson according to the identifications (B7)-(B12). Because of (3.10) the propagating
wave solutions of (3.9) are jointly Chiral Density Waves and Charge Density Waves, arising from
massless particle-hole excitations of the Dirac sea. As we shall now show, these same Chiral Den-
sity Waves may also be regarded as acoustic modes in the superfluid hydrodynamic description at
T = 0, and thus the superfluid hydrodynamic description applies to the filled Fermi-Dirac sea and
the Dirac fermion vacuum itself.
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B. Equivalence to Chiral Superfluid Hydrodynamics in D = 2
In two dimensions and at zero temperature the QFT description of the Schwinger model can
be extended to finite chiral fermion densities, and shown to be identical to the ideal superfluid
hydrodynamic description of Sec. II. At finite chiral chemical potential µ5, but T = 0, massless
fermions in D=2 have the energy density and pressure (cf. Appendix B),
ε =
pi
2
n25 = p =
1
2pi
µ25 where µ5 = pin5 , (3.14)
so that (2.5) gives at A5λ = 0
∂aη = −pi j5 a = −pi ∂aχ (3.15)
and ja5 = ∂
αχ is also a pure gradient by the bosonization formulae (3.10) in D=2. Recalling (2.3)
we obtain
(∂aη) j
a
5 − ε(n5) = −pi (∂aχ)(∂aχ) +
pi
2
ja5 j5 a = −
pi
2
(
∂aχ
)(
∂aχ
)
(3.16)
for two of the terms in (2.1). Then integrating the relation (3.15), so that η = −piχ+ θ/2 where θ
is a spacetime constant, and using (3.6) for the chiral anomaly A2 in D = 2, we have
Sχsf
∣∣∣
D=2, Aa5=0
=
∫
d2x
{
−pi
2
(
∂aχ
)(
∂aχ
)− χF˜ + θ
2pi
F˜
}
(3.17)
so that the hydrodynamic action (2.1), postulated on the basis only of macroscopic conservation
laws for an irrotational and isentropic fluid, and the axial anomaly agrees precisely with the micro-
scopic QFT effective action of the zero temperature Schwinger model (3.8) at zero coupling e = 0.
Note that this equivalence requires the addition of the −ε(n5) energy density term in (3.16), just
as prescribed by the general hydrodynamic fluid action (2.1). Addition of the spacetime constant
θ term does not affect the χ dynamics.
Since
[η(t, x),Πη(t, x
′)] = pi[χ(t, x), χ˙(t, x′)] = i δ(x− x′) (3.18)
the canonical commutation relation (2.21) of the superfluid hydrodynamic description also coincides
with the commutator (3.11) for the chiral boson of QED2, which also implies the Schwinger term
(3.13) in the current commutators. Also from (3.14) µ5/n5 = pi is a constant in D = 2, so that
the wave eq. of the hydrodynamic description (2.20) also coincides with that of the chiral boson
of e = 0 electrodynamics (3.9) in two dimensions. Because of the simple relation (3.15), the CDW
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solutions for χ are trivially also waves of the Clebsch potential η, which are the sound waves of the
fluid. At finite equilibrium chiral density n5 6= 0, these are CDW excitations of the Fermi surface
at Fermi energy µ5. The vacuum limit µ5 → 0, n5 → 0, with µ5/n5 = pi fixed shows that this
description holds when the Fermi surface of filled positive energy single fermion states goes over to
the Dirac fermion QFT vacuum where only the negative energy Dirac sea fermion states are filled.
IV. NAMBU-GOLDSTONE THEOREM FOR THE CHIRAL SUPERFLUID
A. Lorentz Invariant Case
Since apart from the anomaly term, the velocity potential η appears in the effective action (2.1)
and Hamiltonian (2.18) only under derivatives, the non-anomalous terms clearly have a constant
shift symmetry under η → η+η0. Since η multiplies the chiral anomalyAD in Sχsf and
∫
dDxE AD =
2ν, where ν is the Pontryagin index of the gauge field in D Euclidean dimensions, which is the
integral of a total derivative AD = ∂λK
λ (with Kλ the Chern-Simons current), the total action
(2.1) is also invariant under the constant phase shift transformation up a topological term that
does not affect the local dynamics, except as acting as a fixed source (for fixed Aλ) in (2.4). The
η eq. of motion (2.20) is invariant under the constant shift symmetry. Thus we should expect that
the Nambu-Goldstone theorem applies to this gapless mode of the chiral superfluid described by
(2.1) in a fixed (i.e. non-dynamical) Aλ background.
Since ν ∈ Z is an integer for sufficient rapid falloff of the gauge field Aλ at infinity, 2η is
expected to be a 2pi-periodic phase field whose expectation value describes spontaneous breaking
of the global U ch(1) constant η0 shift symmetry. The Euclidean path integral and vacuum is 2pi-
periodic in θ, and it follows from the axial anomaly (2.4) that ∆Q5 = 2ν = 2 ∆NCS = ∆
∫
ddxK0
is the change in the chiral charge under topological transitions under change of the Chern-Simons
winding number ∆NCS = ν by an integer.
That 〈e2iη〉 plays the role of a complex order parameter characterizing chiral symmetry breaking
is verified from the fundamental commutation relation (2.21), giving
[
Q5(t), η(t,x)
]
=
∫
ddx′
[
J05 (t,x
′), η(t,x)
]
= −i (4.1)
which is a c-number, whose further commutators with Q5 vanish. Hence
eiαQ5(t)η(t,x)e−iαQ5(t) = η(t,x) + iα [Q5(t), η(t,x)] +
(iα)2
2
[
Q5(t), [Q5(t), η(t,x)]
]
+ . . .
= η(t,x) + α (4.2)
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shifts η(t,x) by a constant α under a global chiral rotation of magnitude α. Therefore
eiαQ5(t)e2iη(t,x)e−iαQ5(t) =
∞∑
n=0
in
n!
(
2η(t,x) + 2α
)n
= e2iα e2iη(t,x) (4.3)
as expected for a 2pi-periodic phase field associated with the breaking of global chiral symmetry if
〈e2iη〉 6= 0 in the ground state.
Since the chiral anomaly breaks the chiral symmetry explicitly rather than spontaneously, it
seems at first sight that Goldstone’s theorem does not apply. However when the electromagnetic
coupling vanishes, and there are no background gauge fields so that AD = 0 as well, the chiral
current in (2.4) is conserved, and the action (2.1) is invariant under the shift symmetry (4.2) of a
global chiral transformation. Then if the expectation value〈
e2iη
〉
= e2iη0 ≡ z0 6= 0 (4.4)
is both well-defined and non-vanishing, the necessary and sufficient condition for the existence of
a massless Nambu-Goldstone boson [27–29] is satisfied.
If furthermore the ground state is both Lorentz and translationally invariant, it follows that∫
dDy eik·(x−y)
〈T ∗Jλ5 (x) e2iη(y)〉 = ikλF (k2) (4.5)
for some Lorentz invariant function F (k2). Computing
∂λ〈T ∗Jλ5 (x)e2iη(y)〉 = δ(x0 − y0)
〈[
J05 (x), e
2iη(y)
]〉
= δD(x− y)z0 (4.6)
from the commutation relation (2.21), and Fourier transforming, we find
k2F (k2) = z0 =⇒ F (k2) = z0
k2
(4.7)
showing the existence of the massless Nambu-Goldstone pole at k2 = 0. Thus the gapless acoustic
mode of (2.20), derived from the Hamiltonian and commutation relations of the canonical pair
{η,Πη}, may be viewed as a consequence of Goldstone’s theorem, which defines another distin-
guishing characteristic of superfluidity. The realization of these relations and subtleties in the D=2
Schwinger model is discussed in the two Appendices B and C. The gapless mode due to the axial
anomaly and its relation to Goldstone’s theorem was discussed in the context of universality of
transport properties in a chiral medium in Ref. [30].
B. General Case of Superfluid Hydrodynamics
The Goldstone mode propagates at the speed of light if and only if the ground state is Lorentz
invariant as assumed in (4.4)-(4.6). This need not be the case. Indeed if the wave eq. (2.20) for
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the phase field η in the superfluid description is linearized around its equilibrium solution
η = −µ5 t+ δη (4.8a)
δ
(
n5
µ5
)
=
d
dµ5
(
n5
µ5
)
δµ5 = − d
dµ5
(
n5
µ5
)
δη˙ (4.8b)
where δµ5 = −δη˙ follows from variation of (2.8) and use of (4.8a), then from the variation of (2.5)
with A5λ = 0 we obtain
δJ05 = −µ5 δ
(
n5
µ5
)
+
n5
µ5
δη˙ =
[
µ5
d
dµ5
(
n5
µ5
)
+
n5
µ5
]
δη˙ =
dn5
dµ5
δη˙ (4.9a)
δJ i5 = −
n5
µ5
∂i(δη) (4.9b)
where the equilibrium (spacetime independent) values for n5, µ5 and their derivatives are to be
used. Eqs. (4.9) can be combined and written in the covariant form
δJλ5 =
dn5
dµ5
[
uλuν
(
1− v2s
)− v2s gλν] ∂ν(δη) (4.10)
by use of the kinetic velocity uλ which is δλ0 in the fluid rest frame, and
v2s ≡
n5
µ5
dµ5
dn5
=
dp
dε
(4.11)
by (2.6) and (2.11). Thus the wave eq. (2.20) becomes
∂λ
(
δJλ5
)
=
dn5
dµ5
(
∂2
∂t2
− v2s ∇2
)
δη = 0 (4.12)
in the absence of the anomaly source, and the gapless Nambu-Goldstone mode propagates at speed
vs ≤ 1, becoming the speed of light if and only if µ5 and n5 are linearly related, and p = ε.
Upon quantization the relations (4.1)-(4.3) continue to hold for the variations δJλ and δη. Thus
(4.5) may be reconsidered for the linearized variations away from the ground state of the general
non-vanishing µ5, n5, and∫
dte−iω(t−t
′)
∫
ddx eik·(x−x
′) 〈T ∗δJλ5 (t,x) e2iδη(t′x′)〉 = −i [uλuν(1− v2s)− v2s gλν] kνF (ω, |k|)
(4.13)
in terms of a scalar function F (ω, |k|), which follows from (4.10) and the fact that the variation of
the velocity potential δη and µ5, n5 are spacetime (pseudo)scalars. Repeating the steps leading to
(4.7) leads then to[−(k · u)2(1− v2s)+ v2s k2]F (ω, |k|) = (− ω2 + v2s k2)F (ω, |k|) = z0 (4.14)
which implies
F
(
ω, |k|) = z0−ω2 + v2s k2 (4.15)
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instead, showing the gapless acoustic propagator pole in superfluid hydrodynamics for general vs.
An important point to notice about this derivation is that Lorentz invariance as well as axial U ch(1)
symmetry is spontaneous broken in general by a background µ5, and this is reflected in both the
time dependence of (4.8a) and the necessity of taking the variation of the magnitude n5/µ5 of
the chiral current into account in (4.9a), this variation being responsible for the sound speed vs
differing in general from the speed of light.
C. Relativistic Field Theory Model of Superfluid Goldstone Mode
An additional subtlety concerning that the proof of Goldstone’s theorem in (4.7) is that the
magnitude of the spontaneously broken chiral symmetry order parameter is not immediately ap-
parent, as e2iη0 can be multiplied by any real magnitude. Both this point and the case of general
sound velocity are illuminated by considering the linear representation of a scalar field exhibiting
spontaneous symmetry breaking usually required for Goldstone’s theorem, as for example in the
prototypical gauged U(1)-Higgs model
SΦ = −
∫
dDx
{(
DλΦ
)†(
DλΦ
)
+ V (ρ)
}
(4.16)
where
DλΦ ≡ (∂λ − igA5λ)Φ , Φ = ρ√
2
e−igη (4.17)
in (ρ, η) polar field coordinates. This model has a global U ch(1) phase symmetry under rotations
of the angle η, and a corresponding conserved Noether current
Jλ
N
=
δSΦ
δA5λ
= igΦ (DλΦ)∗ − igΦ∗(DλΦ) = −g2ρ2(∂λη +Aλ5) (4.18)
which realizes the symmetry linearly:
[
QN (t),Φ(t,x)
]
=
∫
ddx′
[
J0Φ(t,x
′),Φ(t,x)
]
= −gΦ(t,x) . (4.19)
The global U ch(1) symmetry is promoted to a local symmetry by the introduction of the gauge
field A5λ. We have allowed for an arbitrary gauge coupling g in order to match the canonical
normalizations and phase periodicity of this model to that of the theory generated by anomalous
superfluid hydrodynamics discussed previously.
Substituting the polar representation (4.17) the action (4.16) becomes
SΦ = −
∫
dDx
{
1
2
(
∂λρ)
2 +
g2ρ2
2
(
∂λη +A5λ
)2
+ V (ρ)
}
(4.20)
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with a corresponding Hamiltonian
HΦ =
∫
ddx
{
ΠΦΦ˙ + Π
†
ΦΦ˙
† +
(
DλΦ
)†(
DλΦ
)
+ V (ρ)
}
=
∫
ddx
{
1
2
ρ˙2 +
1
2
(∇ρ)2 + g2ρ2
2
[
η˙2 −A25 0 + (∇η +A5)2
]
+ V (ρ)
}
(4.21)
where ΠΦ = (D0Φ)
† is the field momentum conjugate to Φ. Since the phase field η appears in
the action (4.20) only in the combination ∂λη +A5λ, it is clear that a non-zero chemical potential
A5 0 = −µ5 is equivalent to a zero chemical potential but with a shift of η → −µ5t + η. In the
Hamiltonian framework, the gauge field Hamiltonian (4.21) with non-zero A5 0 = −µ5 but η˙ = 0
is equivalent to the Grand Canonical Hamiltonian H +
∫
ddxµ5J
0
N
of the ungauged theory, with
H = HΦ evaluated at A5λ = 0 but η˙ = −µ5, since J0N = g2ρ2η˙ = −g2ρ2µ5 [21]. In either case
there results from (4.21) and (4.18) the effective potential
Veff (ρ, µ5) = −1
2
g2µ25 ρ
2 + V (ρ) (4.22)
which develops a minimum at a non-zero ρ given by the ground state equilibrium condition
∂Veff (ρ, µ5)
∂ρ
∣∣∣∣
ρ=ρ¯
= −g2µ25 ρ¯+ V ′(ρ¯) = 0 (4.23)
that implicitly defines a function ρ¯(µ5). Comparing (4.18) with (2.5), we see that in order to
identify Jλ
N
= Jλ5 and make contact with our anomalous superfluid hydrodynamic description,
ρ¯(µ5) must be such that
g2ρ¯2 =
n5
µ5
(4.24)
thereby fixing the magnitude of the chiral symmetry breaking order parameter of the Nambu-
Goldstone mode in the linear realization of the spontaneous breaking of chiral symmetry corre-
sponding to the phase e2iη0 of (4.4) of the fermionic ground state in the anomalous realization.
The charge g = −2 is fixed by (4.19) and the chiral charge of the order parameter Φ ∼ ψ¯(1 + γ5)ψ.
Since the pressure satisfies (2.11), from (4.23) and (4.24) we have
p=
∫ µ5
n5 dµ5 =
1
2
∫ µ5 n5
µ5
dµ25 =
1
2
∫ µ5
ρ¯2 d
(
V¯ ′
ρ¯
)
=
1
2
ρ¯V ′(ρ¯)−
∫ ρ¯
V¯ ′dρ¯ = 1
2
ρ¯V ′(ρ¯)− V (ρ¯) (4.25)
where the integration constant can be absorbed into V . The Lagrangian density of the action
functional (4.20) evaluated at its equilibrium value is also equal to P , consistent with (2.10). The
equilibrium energy density may be found then from
ε = µ5n5 − p = n5
µ5
µ25 − p = ρ¯V ′(r¯)− 12 ρ¯V
′(ρ¯) + V (ρ¯) = 1
2
ρ¯V ′(ρ¯) + V (ρ¯) (4.26)
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in terms of the arbitrary scalar potential V and ρ¯(µ5) defined by (4.23).
Expressing the polar field variables as their equilibrium values plus small perturbations, ρ =
ρ¯+δρ, η = δη with A5 0 = −µ5, and expanding the action (4.20) to the second order in perturbations
around the ground state, we find (cf. [21])
S
(2)
Φ = −
1
2
∫
dDx
{
δρ
(− +M2ρ ) δρ+ g2ρ¯2δη (− ) δη − 4g2µ5ρ¯ δρ δη˙} (4.27)
where M2ρ = V
′′(ρ¯) − g2µ25 = V ′′(ρ¯) − V ′(ρ¯)/ρ¯. Substituting the complex Fourier decomposition
e−iωt+ik·x we find the 2× 2 Hermitian matrix −ω2 + k2 +M2ρ 2iωg2µ5ρ¯
−2iωg2µ5ρ¯ g2ρ¯2 (−ω2 + k2)
 . (4.28)
Setting the determinant of this matrix to zero yields the spectrum, consisting of one solution for
ω2 that is gapped at the scale M2ρ , and a second solution at
ω2 = v2s k
2 +O
(
k4
M2ρ
)
(4.29)
which is a gapless acoustic Goldstone mode with speed of sound given by
v2s =
ρ¯ V ′′(ρ¯)− V ′(ρ¯)
ρ¯ V ′′(ρ¯) + 3V ′(ρ¯)
=
dp
dε
(4.30)
and agrees with that obtained from the hydrodynamic superfluid action (2.1) at quadratic order.
This model exercise shows that the macroscopic acoustic Nambu-Goldstone mode of (4.12)
may be regarded as the low energy limit of a more ultraviolet complete QFT where there are
additional massive excitations that decouple in the regime of applicability of the hydrodynamic
description, and identifies through (4.24) the magnitude ρ of the order parameter of spontaneously
broken U ch(1) symmetry corresponding to the phase η. Note also that as in the superfluid EFT
description, it is necessary to allow this magnitude δρ to vary dynamically along with the phase
δη, in order to obtain the correct speed of sound vs ≤ 1, though the off-diagonal mixing term in
the matrix (4.28). From (3.14) in the case of the Schwinger model reviewed in the last section,
the ratio (4.24) is a simple pure number 1/pi, p = ε which does not vary, and v2s = 1 in D= 2 for
massless fermions. In this case the ground state is Lorentz invariant, as we show in Appendix B
and (4.7) applies.
The D= 2 case of the Schwinger model at non-zero coupling e 6= 0, and the non-commutivity
of the e → 0 and infinite volume limit L → ∞ is discussed in Appendix C. As soon as e 6= 0,
however infinitesimally small, the would-be Nambu-Goldstone χ ↔ −η/pi excitation combines
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with the electric field through solution of the Gauss Law constraint: E = e2χ + E0 (where E0 is
an integration constant, with the interpretation of a spacetime constant background electric field),
and χ becomes massive. In other words, the classically constrained gauge field is ‘eaten’ by the
propagating would-be Goldstone boson and there is finally only a propagating massive χ boson
with M2 = e2/pi. This non-linear realization of the Stueckelberg-Higgs mechanism [31] thus avoids
any conflict with general theorems forbidding true Goldstone bosons limit in D = 2 [32, 33]. At
time and distance scales much less than 1/M  L, the considerations of this section nevertheless
apply and the propagating CDW η phase wave may be understood as a Nambu-Goldstone mode.
V. EFFECTIVE ACTION OF THE CHIRAL ANOMALY IN FOUR DIMENSIONS
A. The Effective Action of the Triangle Anomaly
In D=4 dimensions, the U(1) axial current has the well-known anomalous divergence [34–37]
∂λJ
λ
5 =
α
2pi
F λνF˜λν = A4 (5.1)
in the limit of massless fermions, where F˜λν ≡ 12λνρσF ρσ is the dual of the field strength tensor Fλν
and α = e2/4pi. If the current Jλ5 is decomposed into its longitudinal and transverse components
Jλ5 = J
λ
5 ‖ + J
λ
5⊥ , ∂λJ
λ
5⊥ = 0 (5.2)
it is clear that only the first, longitudinal component Jλ5 ‖ can contribute to the non-vanishing
divergence (5.1). Since the longitudinal projection of Jλ5 is
Jλ5 ‖ = ∂
λ
( −1∂νJν5 ) (5.3)
the axial anomaly (5.1) corresponds to the one-loop non-local 1PI quantum effective action [4, 23]
SNLanom[A,A5]=
α
2pi
∫
d4x
∫
d4y [A5µ∂
µ]x
−1
xy [F
λνF˜λν ]y (5.4)
where −1xy =
1
4pi2
(x − y)−2 denotes the massless scalar propagator in D = 4. As in D = 2 its
appearance again signals that the anomaly is associated with a massless pseudoscalar collective
excitation, here and in higher dimensions residing in the longitudinal subsector of the full theory.
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FIG. 2: The Axial Anomaly Triangle Diagram Amplitude Γλαβ(p, q)
The anomalous divergence (5.1) and effective action (5.4) results from the one-loop triangle
diagram of Fig. 2 corresponding to the amplitude in momentum space
Γλαβ(p, q) =
6∑
i=1
fi(k
2; p2, q2) τλαβi (p, q) (5.5)
which is expressed as a sum over six basis tensors τλαβi (p, q) multiplied by scalar form factor
functions fi of the three Lorentz invariants k
2, p2, q2. Here k = p+ q is the ingoing momentum at
the axial vertex and p and q are the momenta on the outgoing external photon legs. The coefficient
functions are given in Ref. [4] and for zero fermion mass are
f1(k
2; p2, q2) = f4(k
2; q2, p2) =
4α
pi
∫ 1
0
dx
∫ 1−x
0
dy
xy
D
(5.6a)
f2(k
2; p2, q2) = f5(k
2; q2, p2) =
4α
pi
∫ 1
0
dx
∫ 1−x
0
dy
x(1− x)
D
(5.6b)
f3(k
2; p2, q2) = f6(k
2; q2, p2) = 0 (5.6c)
where D = (p2x+ q2y)(1− x− y) + xyk2, in the basis where
τλαβ1 (p, q) = τ
λβα
4 (q, p) = −p · q λαβγpγ − pβ υλα(p, q) (5.7a)
τλαβ2 (p, q) = τ
λβα
5 (q, p) = p
2 λαβγqγ + p
α υλβ(p, q) (5.7b)
and
υαβ(p, q) ≡ αβρσ pρqσ . (5.8)
The tensors τ3, τ6 are redundant, and not needed because of (5.6c).
The triangle amplitude (5.5) may be decomposed into its longitudinal and transverse parts
Γλαβ(p, q) =
2α
pi
kλ
k2
υαβ(p, q) + Γλαβ⊥ (p, q) (5.9)
where the first, longitudinal part explicitly exhibits a 1/k2 pole, and gives the total anomaly
kλΓ
λαβ(p, q) =
2α
pi
υαβ(p, q) (5.10)
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which is (5.1) in momentum space, while the transverse part satisfies
kλ Γ
λαβ
⊥ (p, q) = 0 (5.11)
and does not contribute to the anomaly.
As in the D=2 case, the massless boson degree of freedom represented by the 1/k2 pole in (5.9)
or −1xy in (5.4) may be made explicit by expressing the non-local action (5.4) in a local form. Since
the non-local action (5.4) involves the axial potential A5λ and [FF˜ ] asymmetrically, expressing the
action in a local form apparently requires the introduction of two pseudoscalar fields (η, χ) and we
may write
Sχanom[η;A,A5] =
∫
d4x
{(
∂λη +A
5
λ
)
∂λχ+ ηA4
}
(5.12)
for the minimal local form of the chiral anomaly effective action (5.4) of massless QED4 [4]. This
effective action is the generating function of the longitudinal component only of the axial current
δ
δA5λ
Sanom = J
λ
5 ‖ = ∂
λχ (5.13)
as only the dependence upon Jλ5‖ is determined by the axial anomaly (5.1), and this component
can always be expressed as the pure gradient ∂λχ, cf. (5.3). Variation of Sanom with respect to η
reproduces the axial anomaly
∂λJ
λ
5 = ∂λJ
λ
5‖ = χ = A4 =
2α
pi
E ·B (5.14)
which is a massless wave eq. for the pseudoscalar boson field, with the chiral anomaly as its source,
just as in the D=2 case (3.9). Analogously to D = 2 this gapless mode is a collective mode of the
two-fermion intermediate state in the anomaly amplitude, if fermion masses and interactions can
be neglected, and is a Chiral Density Wave (CDW).
Unlike in D= 2 (5.12) is only part of the 1PI effective action of QED4, with the dependence
upon the transverse component Jλ5⊥ not fixed by the anomaly. As a result, we cannot determine
any relationship between η and χ from QFT first principles without further information. If χ is
varied independently of η a second massless wave eq. − η = ∂λA5λ is obtained. This would imply
the existence of a second independent gapless mode, which would not seem to be warranted by
the triangle amplitude (5.5) itself. Indeed as we show in Sec. V C the anomalous current canonical
commutators determined by the chiral anomaly imply that η and χ˙ form a single canonical pair,
as in D = 2, and hence one would expect just a single gapless effective degree of freedom.
Guided by the previous D=2 example, and anticipating the relationship to the fluid description,
we could posit the local anomaly action
SJ5anom[η;A,A5] =
∫
d4x
{(
∂λη +A
5
λ
)
Jλ5 + ηA4
}
(5.15)
22
in terms of the full chiral current Jλ5 , instead of (5.12), together with the additional postulate
that this effective action should be stationary against variations of the full vector Jλ5 (not just the
pseudoscalar χ determining Jλ5 ‖). In that case J
λ
5 acts a Lagrange multiplier field, enforces the
constraint, ∂λη+A
5
λ = 0, which when solved for η = − −1∂λA5λ and substituted back into (5.15)
also reproduces the required non-local action (5.4) with its massless pole. Thus the action (5.15)
is just as good an effective action for the axial anomaly as (5.12). However since the requirement
of stationarity under the full Jλ5 variation produces a constraint ∂λη + A
5
λ = 0 it fixes η up to a
simple constant, unlike the eq. of motion, ∂λ(∂λη + A
5
λ) = 0, and hence (5.15) and its variational
principle does not lead to a second independent massless mode, resulting from varying χ in (5.12).
If (5.15) and stationarity against variation of the full Jλ5 are adopted for the local anomaly
effective action, and one goes one step further by adding −ε(n5) to (5.15), then one arrives at the
chiral fluid hydrodynamic action (2.1) of Sec. II. Adding −ε(n5) leaves the chiral current anomaly
(5.1) resulting from independent variation of η unchanged, and in the D = 2 case is essential to
reproducing the full 1PI effective action of the Schwinger model, as shown in Sec. III B above. The
pseudoscalar field η which was introduced in [4] as an auxiliary field, needed simply to express the
non-local anomaly effective action (5.4) in the local form (5.12), is recognized then as the Clebsch
potential of the dynamic velocity field (2.7) of a dissipationless, irrotational chiral fluid in the
hydrodynamic fluid action (2.1).
B. Chiral Magnetic and Separation Effects from the Anomaly Effective Action
Independently of the addition of −ε(n5) and any hydrodynamic fluid interpretation, the axial
anomaly effective action in either of its forms (5.12) or (5.15) incorporates several chiral effects,
found previously by other methods, see e.g. [38–52]. The electromagnetic current due to the axial
anomaly is
Jλ =
δSanom
δAλ
=
α
2pi
δ
δAλ
∫
d4x η FµνF˜µν =
2α
pi
F˜ λν ∂νη (5.16)
in terms of η. In components this is
J0 = ρ = −2α
pi
B · ∇η (5.17a)
J =
2α
pi
(
B η˙ −E ×∇η) . (5.17b)
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For a constant uniform B field, and in the Lorentz frame where ∇η = 0, and η˙ = µ5, consistent
with the relation (2.7), (5.17b) gives
J =
2α
pi
µ5B (5.18)
which is the Chiral Magnetic Effect (CME).
Similarly, the anomaly action implies a longitudinal chiral current (5.13), with components
J05 = J
0
5‖ = −χ˙ (5.19a)
J5 = J5‖ = ∇χ (5.19b)
where χ satisfies (5.14), as determined by the axial anomaly. In a static, constant B = Bxˆ field
and parallel static electric field E = −∇Φ = −xˆ dΦdx in the same direction, (5.14) becomes
d
dx
(
dχ
dx
)
= −2α
pi
dΦ
dx
B (5.20)
assuming also χ = χ(x). Integrating this once and substituting into (5.19b) gives
J5 = ∇χ = 2α
pi
µB (5.21)
upon taking Φ = −µ for the charge chemical potential. In this way the Chiral Separation Effect
(CSE) is also implied by and follows directly from the axial anomaly and its effective action (5.12).
C. Anomalous Current Commutators
The momentum Πη conjugate to η field can be defined as in D = 2 by (2.21), so that in 3 + 1
dimensions their equal time commutator is[
η(t,x),Πη(t,x
′)
]
=
[
η(t,x), J05 (t,x
′)
]
= i δ3(x− x′) (5.22)
upon quantization, where Πη = J
0
5 is the total chiral charge density if (5.15) is used, or its longi-
tudinal projection −χ˙ if (5.12) is used for the anomaly effective action. The two are equivalent if
we assume that the transverse components of the chiral charge density J05⊥ do not contribute to
the commutator. Then by (5.17), we have[
J0(t,x), J05 (t,x
′)
]
= −2iα
pi
B · ∇x δ3(x− x′) (5.23a)[
J(t,x), J05 (t,x
′)
]
= −2iα
pi
E ×∇x δ3(x− x′) (5.23b)
in a background electric or magnetic field [37, 53, 54]. Thus as in D = 2 the Schwinger terms in
commutators of fermionic currents are necessarily implied by the canonical commutator (2.21) of
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the bosonic effective action (5.15). This shows that quantization of the effective boson described
by η and its canonical momentum in (2.13) is necessary also in D = 4 to obtain the correct
anomalous current commutators of QED4, and this conclusion is independent of any particular
relation between χ and η. Note in particular that (5.23) hold also in the vacuum independently of
a chiral density n5 or chemical potential µ5 [4]. As in the D = 2 case the commutator (2.21) shows
that there is a single bona fide pseudoscalar collective degree of freedom necessarily associated with
the U ch(1) chiral anomaly in D=4.
Let us also remark in passing that the Schwinger terms (5.23) in the current commutators
depend only upon the longitudinal anomalous part of the triangle diagram and are determined by
the effective action (5.12). Additional Schwinger terms in the commutators and in particular the
commutator [
J0(t,x),J5(t,x
′)
]
(5.24)
which depend upon the transverse part of the amplitude Γλαβ⊥ (p, q), unlike (5.23) are not related
to the axial anomaly and not protected by the Adler-Bardeen theorem [35]. Hence they can be
cancelled by regularization scheme dependent ‘seagull’ terms, and removed entirely [37].
D. Dimensional Reduction and Bosonization in a Constant Uniform Magnetic Field
The reduction of the D = 4 axial anomaly to the D = 2 case for a constant, uniform magnetic
field can also be obtained directly from the anomalous triangle amplitude (5.5) in QED4 by com-
puting Γλαβ(p, q)Aβ(q) with Aβ(q) the gauge potential of the external magnetic field B=F23(0) at
zero momentum with Aβ=2,3(q) taken to be in transverse y, directions. In this limit of a uniform
external magnetic field only the tensors τ1 and τ2 in (5.5) which are linear in q contribute, and we
can neglect q2 and set k2 = p2 in the denominator D of (5.6), so that D = k2x(1− x) in this limit
and the Feynman integrals in (5.6) are simply evaluated to give
f2 = 2f1 =
2α
pik2
for q2 = 0 . (5.25)
Then taking k⊥ = p⊥ = 0 and noting that kνF νλ(q) = 0, we find
lim
q→0
Γλαβ(k − q, q)Aβ(q)
∣∣∣
k⊥=0
=
2iα
pik2
(
k2δαν − kαkν
)
F˜ λν
=
 −2iαB cb Πab2 (k) if λ = c, α = a0 otherwise (5.26)
where λ = c, α = a range only over the 0, 1 subspace of the D = 4 spacetime and Πab2 (k) is the
D = 2 vacuum polarization of (3.4). Thus, the full triangle diagram contracted with a constant
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uniform magnetic field reduces to the 2D anomalous diangle of Fig. 1, consistent with dimensional
reduction, and the 1/k2 pole in the 4D triangle anomaly becomes at k⊥ = 0 the 1/k2 propagator
pole of the effective boson χ2 in the 2D polarization tensor 〈jajc5〉, under dimensional reduction in
a constant uniform magnetic field.3
Since the anomaly pole structure is preserved under this dimensional reduction it is instructive
to repeat this same calculation for the longitudinal part of the triangle amplitude alone, namely
Γλαβ‖ (p, q) =
2α
pi
kλ
k2
vαβ(p, q) . (5.27)
Contracting Γλαβ‖ (p, q) with an external uniform magnetic field A
β(q) and taking the same kine-
matic limit we find
lim
q→0
Γλαβ‖ (k − q, q)Aβ(q)
∣∣∣
k⊥=p⊥=0
= lim
q→0
2α
pi
kλ
k2
vαβ(p, q)Aβ(q) = −i2α
pi
kλ
k2
F˜αρkρ (5.28)
where the only surviving indices are two-dimensional ranging only over t, z. Then F˜ ab = abB for
the 2D subspace of the 4D spacetime and the Schouten relation for ab (cf. Appendix A) can be
applied to obtain
lim
q→0
Γcaβ‖ (p, q)Aβ(q)
∣∣∣
k=0
=
2iα
pik2
(
k2δab − kakb
)
cbB (5.29)
which coincides with (5.26), proving that the transverse part of the anomalous triangle diagram
does not contribute in the dimensional reduction limit of a constant, uniform magnetic field, which
is accounted for completely by the longitudinal anomaly action (5.12).
The effective action (5.12) for the axial anomaly, with the longitudinal part of the axial current
expressed as a gradient of a bosonic field χ in (5.13), the wave equation for χ (5.14) describing
CDWs, and the bosonic anomalous commutation relations (5.23) represent a partial bosonization
of fermions, for the longitudinal axial current sector. This generalizes the bosonization (3.10) in
1+1 dimensional fermion systems, such as the massless Schwinger model, to 3+1 dimensions. For
the case of a constant, uniform background magnetic field and an accompanying electric field
B = B xˆ and E = E(t, x) xˆ (5.30)
which is both parallel to B and independent of the transverse coordinates y = (y, z), the four
dimensional case reduces to the two dimesnional one [55–57].
3 We use the subscript 2 in this subsection only to distinguish the quantities in D = 2 dimensions from those in
D = 4, for which the subscript is omitted.
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Note first that in the bosonic form if (5.14) is solved for χ in this case of constant, uniform B,
and assuming (5.30),
χ(t, x;B) =
∫
dt′dx′d2y′G(t− t′, x− x′,y − y′)2α
pi
E ·B
=
2αB
pi
∫
dt′
∫
dx′G2(t− t′, x− x′)E(t′, x′)
= 2αB χ2(t, x) (5.31)
where G2(t, x) =
∫
d2yG(t, x,y) is the Green’s function of the D = 2 wave operator 2, and χ2
is the collective boson of QED2, related to the axial current j
a
5 and its anomaly by (3.6). Thus the
D = 4 chiral boson χ in a constant, uniform magnetic field is simply proportional to the D = 2
chiral boson χ2 of the Schwinger model when E ·B = E(t, x)B. With (5.13), (5.31) implies that
the longitudinal chiral charge density in D = 4 is related to the two-dimensional one
J05 ‖(t, x;B) = 2αB j
0
5(t, x) (5.32)
independent of the transverse y coordinates when (5.30) holds. Thus the D = 4 axial anomaly
effectively factorizes and reduces to the D= 2 anomaly in a constant uniform, magnetic field B,
provided (5.30) holds for the electric field as well.
Next we observe that we can integrate the D = 4 anomalous current commutator (5.23a) over
the transverse coordinates
∫
d2y, and use (5.32) to obtain[∫
d2y J0(t, x,y;B), j05(t, x
′)
]
= − i
pi
∂xδ(x− x′) (5.33)
after cancelling the common factor of 2αB from both sides. Since j05 = j
1 by (3.12), comparing
(5.33) with the D = 2 anomalous current commutator (3.13) enables us to identify
j0(t, x) =
∫
d2y J0(t, x,y;B) = j15(t, x) = ∂xχ2(t, x) (5.34)
up to terms that may commute with j05 . Then the anomalous current relation (5.17a) gives
2αB
∫
d2y
∂
∂x
η(t, x,y;B) = −pi ∂
∂x
χ2(t, x) =
∂
∂x
η2(t, x) = − pi
2αB
∂
∂x
χ(t, x;B) (5.35)
so that integrating with respect to x
η2(t, x) = 2αB
∫
d2y η(t, x,y;B) (5.36)
gives the additional relation
χ(t, x;B) = −4α
2B2
pi
∫
d2y η(t, x,y;B) (5.37)
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between the two D=4 pseudoscalar potentials (η, χ) in the case that (5.30) holds, up to an arbitrary
function of time that however also drops out of the commutator (2.21), when compared between
D=2 and D=4 dimensions.
The relations (5.31) and (5.35) substituted into the anomaly effective action give
Sχanom
∣∣
B
=
∫
dt dx
{
∂a
(∫
η d2y
)
∂a(2αBχ2)− 2αB
pi
E(t, x)
∫
η d2y
}
B
=
∫
dt dx
{− pi (∂aχ2)(∂aχ2)− E χ2} (5.38)
which is remarkably similar, but not quite equal to the complete D = 2 Schwinger model action
(3.17). That the two do not quite agree is hardly surprising since the effective action (5.12)
only accounts for the anomalous longitudinal part of the chiral current in D = 4, and is clearly
incomplete, neglecting the transverse, non-anomalous contributions to the effective action, which
we have further neglected in the commutator arguments leading to (5.37) dropping terms which
do not contribute to the anomalous commutators. However the relation (5.37) between the two
a priori unrelated pseudoscalar fields (η, χ) in D = 4 dimensions and the similarity of (5.38) to
the two-dimensional perfect chiral fluid hydrodynamic action suggest that as in the D = 2 case
one should add to (5.38) a non-anomalous contribution −ε(n5), as in (3.16), in order to render
the relations (5.31)-(5.37) consistent with the eqs. of motion following from the variation of χ2
in the effective action. We know from the D = 2 case and (3.16) that this requires completing
the dimensionally reduced anomalous effective action (5.38) by adding to it the two-dimensional
integral of ε(n5) which we may express in the form
−1
2
∫
dt dxµ5n5 = −1
2
∫
dt dx (∂aη2)(∂
aχ2) =
pi
2
∫
dt dx (∂aχ2)(∂
aχ2) (5.39)
which added to (5.38) does give exactly the D = 2 Schwinger model action (3.17). This shows
that if the energy density takes on the appropriate dimensionally reduced D = 2 form when in
an external constant, uniform magnetic field, when (5.30) holds, then the QFT effective action
of massless fermions in D = 4 reduces to that of the chiral superfluid Schwinger model at e = 0
as well. To show this conclusively requires evaluating the four-point square diagrams of Fig. 3 of
massless QED4, where two of the vertices are attached to a constant B field, and the other two are
attached to the parallel two-dimensional electric field E(t, x).
It is interesting also to note that the anomalous current commutator expectation value can be
evaluated from the discontinuity in k0 = ω of the polarization operator
〈
[J0(t, x,y), J05 (t, x
′,y′)]
〉
=
∫
dω
2pi
∫
dk
2pi
∫
d2k⊥
(2pi)2
28
FIG. 3: The Phton-Photon Scattering or ‘Box’ Diagram
× eik(x−x′)+ik⊥·(y−y′) {2 Im Π005 (ω + i, k,k⊥)} . (5.40)
in the Lowest Landau Level (LLL) approximation where [58–62]
Πab5 (ω, k,k⊥)
∣∣∣
LLL
= 2αB exp
(
− k
2
⊥
2eB
)
Πac2 (ω, k)
b
c (5.41)
in terms of the D = 2 polarization (3.4). Thus integrating (5.40) over y sets k⊥ = 0 in (5.41) and∫
d2y
〈
[J0(t, x,y), J05 (t, x
′,y′)]
〉
LLL
= 2αB
∫
dω
2pi
∫
dk
2pi
eik(x−x
′) {2 Im Π012 (ω + i, k)}
= 2αB
〈
[j0(t, x), j1(t, x′)]
〉
= −2iαB
pi
∂
∂x
δ(x− x′) (5.42)
consistent with (5.23a) and dimensional reduction to D=2. The fact that the LLL approximation
saturates the anomalous commutator is consistent also with the fact that only the LLL in a constant
magnetic field has gapless excitations, so that if an external electric field is turned on adiabatically
only fermions in the LLL can be excited, and the D = 4 axial anomaly factorizes into its D = 2
counterpart with a transverse density proportional to the magnetic field B [55].
VI. CHIRAL SUPERFLUID HYDRODYNAMICS IN FOUR DIMENSIONS
The anomaly action (5.12) derived from the triangle diagram of massless fermions in QED4 is
similar to chiral superfluid description of the longitudinal chiral excitations of the Fermi-Dirac sea
of (2.1) for D=2. There are two obvious differences. First, the hydrodynamic action (2.1) allows
for a general axial current Jλ5 , while the anomaly action (5.12) is restricted to the longitudinal
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projection of Jλ5 only, which is expressed as the pure gradient ∂
λχ. Secondly, the fluid action (2.1)
contains the non-anomalous energy density ε(n5), with n
2
5 = −Jλ5 J5λ dependent upon the full
axial current, while ε(n5) is absent from (5.12). Note that in D=2 because of the very restricted
kinematics, and the fixed constant relation between ∂λη and ∂λχ, (3.15), the anomalous effective
action (3.8) is identical to the fluid action, and already contains the ε(n5), as (3.16) shows. We
cannot expect these special features of the D=2 case to hold in general D dimensions.
Note in particular that the ideal hydrodynamic action (2.1) for a potential flow at zero temper-
ature in D=4 implies a constraint
Jλ5 +
n5
µ5
∂λη = 0 (6.1)
which cannot be satisfied by the longitudinal pure gradient part of the axial current Jλ5 = ∂
λχ
alone, unless n5/µ5 is a constant as it is in D= 2. Hence we face the choice of either adhering to
a description of only the longitudinal modes, along the direction of J i5, which are effectively 1 + 1
dimensional excitations of the Fermi-Dirac sea, essentially dimensionally reducing D= 4 back to
the D=2 case, or alternatively, departing from the strictly QFT derivation of the anomaly effective
action by adopting the fluid ansatz of ε(n5) describing the full 3+1 dimensional equilibrium energy
density, including also the transverse components which have been neglected in (5.12).
If the latter course is followed, and to characterize the regime of validity of the hydrodynamic
ansatz, it is instructive to consider the hydrodynamic mode(s) that appear when the theory is
linearized around a non-zero background n5, µ5. In general, a hydrodynamic system with an axial
charge at zero temperature and in the absence of external electromagnetic fields is described by five
conservation laws (2.4) and (2.28). From (2.27) current conservation implies energy-momentum
conservation and visa versa. We have seen in Secs. II and IV that chiral current conservation
implies the existence of a gapless Goldstone acosutic mode (2.20) or (4.12). If one considers the
variation of the energy-momentum tensor linearized around a constant background n5 and the
corresponding µ5 one obtains
MλνδJ5,ν =
{[
gλν + uλuν
(
1− v2s
)]
(u · ∂) + uλ∂ν − v2s uν∂λ
}
δJ5,ν = 0 . (6.2)
This equation possess non-trivial solutions in general D = d + 1 dimensions only if the Fourier
components of δJ5,α satisfy the relation
detM = (−iω)d−1 [ω2 − v2s |k|2] = 0 (6.3)
which is the same condition as that obtained in Sec. IV, showing that the only propagating mode
in the non-dissipative superfluid is the gapless (first) sound mode.
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In D=4 dimensions massless fermions have
p(µ5) =
µ45
12pi2
, n5 =
dp
dµ5
=
µ35
3pi2
(6.4)
and the speed of sound is given by
v2s =
dp
dε
=
n5
µ5
dµ5
dn5
=
1
3
(6.5)
which clearly differs from the propagation speed of the collective excitation described by the pole
in the perturbative triangle anomaly diagram in D=4. One may have expected that the velocity
of the anomalous mode in the hydrodynamic description is renormalized by the inclusion of the
transverse components of the axial current not protected by the anomaly, but that the Goldstone
theorem continues to apply in D > 2 dimensions.
It is also instructive to consider the sound wave generated by the anomalous divergence (2.4)
treated as a source, then the hydrodynamic action implies
δη = −dµ5
dn5
1[−∂2t + v2s∇2]A4 (6.6)
and the corresponding axial current variation is
δJ05 = −
∂t[−∂2t + v2s∇2]A4
δJ5 =
v2s ∇[−∂2t + v2s∇2]A4 . (6.7)
Strikingly, the anomalous hydrodynamics indicates that the axial current of a sound wave sourced
by the gauge invariant anomalous divergence has a pole similar to the anomalous pole in vacuum
but modified by the finite speed of the CDW. If this axial current is substituted back to the action
(2.1) expanded around the background the second order part of the action reads
S
(2)
χfl =
∫
d4x
{
1
2
dn5
dµ5
[
δη˙2 − v2s (∇δη)2
]
+ δηA4
}
(6.8)
where the first two terms can be seen as the second order correction to the pressure P . This action
can also be expressed in a non-local
S
(2)
χfl = −
1
2
∫
d4x d4y
dµ5
dn5
A4(x)
[
1[−∂2t + v2s ∇2]
]
xy
A4(y)
 (6.9)
coupling the anomaly source at two different spacetime points by the retarded interaction with a
gapless acoustic CDW.
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VII. CHIRAL DENSITY WAVES AND ELECTROMAGNETIC INTERACTIONS
The CDW of the anomalous hydrodynamics described by (2.1) result in propagating waves of
the electric density due to (5.16). This joint propagation of the two densities is similar to CMW
– a collective excitation caused by an interplay between CME and CSE [63]. However, a wave of
η propagates in all directions in contrast to CMW, while the absence of a hydrodynamic equation
for the electric density indicates that this combination of CDW and CME is, in general, some
mixture of chiral waves. Note also that while the anomaly effective action (5.12) incorporates
CME and CSE in background magnetic field and at non-zero densities, the collective wave involves
the relation between χ and η and can be derived only if the theory completed with the energy
density ε(n5), either by a hydrodynamic ansatz for the transverse degrees of freedom or a complete
QFT calculation of higher order non-anomalous processes.
In a background magnetic field CDW propagates with a general speed of sound (2.20) depending
on the equation of state. In the strong field limit |B|  µ25, µ2 waves become ultra-relativistic
vs → 1 and reduce to D=2 waves. Indeed, the absence of the transverse motion in a strong field
background can be understood in terms of fermions which are projected to their Lowest Landau
Level and propagate only along the field direction. In this limit
n5
µ5
=
2α
pi
B (7.1)
and, for the waves propagating along the B-direction, we have 2η = 0, with the electric and
axial densities
J05 =
2α
pi
Bη˙ , J0 = −2α
pi
B · ∇η . (7.2)
Thus, CDW propagating along a strong magnetic field reduces to the D= 2 collective wave and
coincides with the CMW in this limit.
One can also ask how the CDW dynamics is modified by dynamical electromagnetic fields.
Then the anomalous hydrodynamic action (2.1) should be extended to include the kinetic term of
electromagnetic fields and the eqs. of motion are completed by Maxwell equations
∇ ·E = −∇2Φ = J0 = ρ = −2α
pi
B · ∇η (7.3a)
∇×B − ∂E
∂t
= J =
2α
pi
(
B η˙ −E ×∇η) (7.3b)
where Φ ≡ A0 +∇−2∇ ·A˙ is the gauge invariant electromagnetic potential, and ρΦ is the Coulomb
energy. If we consider a background spatially uniform and constant magnetic field B the wave
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eq. (2.20) becomes
−dn5
dµ5
(
∂2t − v2s ∇2
)
η =
(
2α
pi
)2
(B · ∇) 1∇2 (B · ∇)η +
2α
pi
B ·A˙⊥ (7.4)
where (7.3a) is used to solve for Φ and A⊥ is the transverse part of the vector potential. This term
represents a coupling between usual electromagnetic radiation and CDW. Taking for simplicity the
solution A⊥ = 0, we find for waves propagating along the B-direction
dn5
dµ5
(
∂2t − v2s ∇2
)
η +
(
2α
pi
)2
B2 η = 0 (7.5)
The CDWs are massless in the absence of interactions with the electromagnetic field but acquire
a mass term when these interactions are considered. In the strong field limit, the underlying
fermionic system is restricted to its Lowest Landau Level so that the effective squared mass of the
collective CDW is 2αpi B and vs → 1. Thus, the dimensional reduction of the longitudinal CDW
recalls the similar result in massless QED2, in the Schwinger model with e 6= 0, and coincides with
the dimensional reduction of CMW in the presence of interactions, see [63].
VIII. THE EFFECT OF FERMION MASS
Although the anomaly violates chiral symmetry, it does so in a very special way, affecting
global properties of the ground state, that allows it to be incorporated into a low energy effective
hydrodynamic framework. Indeed the massless pole implied by the anomalous chiral Ward Identity
requires that this low energy excitation be accounted for in the effective hydrodynamics, where
it describes a Chiral Density Wave that can be understood as a Nambu-Goldstone boson that is
usually expected only for spontaneously broken global symmetries.
On the other hand, once a finite mass m for the fermions is admitted, the chiral symmetry is
broken explicitly. This makes the assumption of local conservation of axial charge density and a
corresponding axial chemical potential µ5 unjustified, undercutting the basis for a hydrodynamic
description of chiral excitations, affecting the longest wavelength acoustic modes. Considering first
the case of two dimensions, at m = 0 the left and right moving chiral modes φ± defined in B12
of Appendix B are decoupled. When m 6= 0 that bosonization formulae for the chiral and vector
currents (3.10) continue to hold, but the massive Schwinger model is equivalent to a self-interacting
sine-Gordon theory, with eq. of motion [24]
− χ+ m
2
2pi
sin
(
2piχ
)
= 0 (D=2) (8.1)
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for the pseudoscalar χ = φ− − φ+ field in D= 2 dimensions, in the present notation, and with a
suitable definition of normal ordering of the sinusoidal potential term. Note that this theory still
possesses the discrete global symmetry χ → χ + N for integer N , which with η = −piχ in the
m → 0 limit is equivalent to the 2η → 2η − 2piN , 2pi-periodicity of 2η discussed in Sec. IV. Note
also that the bosonization (3.10) guarantees that the charge current ja = −ab∂bχ is automatically
conserved for any smooth χ field, no matter what its eq. of motion, while the chiral current ja5 is
no longer conserved if m 6= 0 according to (8.1).
One may ask then what becomes of the scalar mode ϕ ≡ −(φ+ + φ−) whose gradient is dual to
the gradient of χ at m = 0, and could have been treated on an equal footing to χ (save for the axial
anomaly), once m 6= 0. The symmetric scalar ϕ is naturally connected to electric charge Q which
remains exactly conserved, rather than chiral charge Q5 which is not conserved when m 6= 0. Thus
χ and ϕ are on quite different footings in the case of non-zero fermion mass, and one cannot expect
the hydrodynamic description of Sec. II any longer to apply to ja5 , although it should continue to
apply to the conserved charge current ja, with n replacing n5 and the charge chemical potential µ
replacing µ5 in the fluid action (2.1). In that case the fluid action is given by
Sfluid =
∫
d2x
{(− ∂aσ +Aa)ja −ε(n)} (8.2)
where σ is the scalar Clebsch potential for the charged fluid with
∂aσ = µua =
µ
n
ja (8.3)
and
ε =
1
2
µn+
m2
2pi
ln
(
µ+ pin
m
)
p =
1
2
µn− m
2
2pi
ln
(
µ+ pin
m
)
n =
1
pi
√
µ2 −m2 (8.4)
satisfying ε + p = µn for free massive fermions in D = 2. The scalar mode ϕ thus becomes an
Charge Density Wave acoustic mode with the sound speed vs given by
vs =
(
dp
d
)1
2
=
(
n
µ
dµ
dn
)1
2
=
√
1− m
2
µ2
(8.5)
in units in which the speed of ‘light’ is unity. Thus while the bosonized theory (8.1) is no longer a
free theory at finite mass, there is still a gapless Goldstone mode at finite fermion density described
by hydrodynamics with conserved electric charge, with
δja =
dn
dµ
[
uaub
(
1− v2s
)− v2s gab] ∂b(δσ) (8.6)
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completely consistent with the discussion of Nambu-Goldstone theorem in Sec. IV for a non-Lorentz
invariant ground state in higher dimensions, leading to (4.10). The gapless mode, which because
of the relations (8.3) is both a Chiral Density Wave and a Charge Density Wave, persists even at
finite fermion mass and breaking of Lorentz invariance, but only in the massless limit does vs = 1
in (8.5), and is the current perturbation a pure gradient of a scalar potential δja = −∂a(δσ/pi).
Indeed this is precisely the result obtained by Haldane for the low energy excitation of the
massive Schwinger model as the limiting case of the Thirring model, described as a Luttinger
quantum liquid in D= 2 [64–66]. There is only one low energy acoustic mode at any mass, since
the massive χ field in (8.1) decouples at low energies. For finite µ with µ ≤ m the acoustic mode
disappears from the spectrum and one is left only with the free massive fermions, alternately
described by (8.1). Conversely, in the high fermion density limit, n→ µ/pi →∞, the fermion mass
may be neglected, ϕ and χ are on the same footing again and the acoustic mode of (8.2) becomes
indistinguishable from the CDW of the massless chiral superfluid in Sec. III B.
Thus although the spectrum and character of low energy excitations as joint Chiral/Charge
Density Waves is continuous in m, the description of the acoustic mode is quite different in (8.2)
compared to the chiral superfluid (2.1), as the acoustic mode of (8.2) is not a Nambu-Goldstone
mode of global chiral symmetry breaking but of U(1) electric charge at finite m. The axial anomaly
and its massless pseudoscalar pole at k2 = 0 is screened and removed completely at any finite m.
This is clear from the fact that in D= 2 the scalar function in the polarization tensor of (3.4) is
a function of k2/m2 which vanishes as k2/m2 → 0 since this is equivalent to the decoupling limit
m→∞ where there is no anomaly [4, 23]. This decoupling persists for a non-zero electric charge
e m in D=2, where weak coupling methods can be applied [67].
The state of affairs is different for non-zero fermion mass in D=4 dimensions. Since there are
additional invariants p2 and q2 associated with the photon legs in the triangle diagram of Fig. 2,
finite fermion mass does not imply decoupling of the anomaly pole at k2 = 0, provided p2, q2  m2.
Evaluation of the amplitude (5.5) for finite fermion mass gives a finite residue of the anomaly pole
lim
k2→0
kλΓ
λαβ(p, q;m)Aα(p)Aβ(q) = I
(
p2
m2
,
q2
m2
)
υαβ(p, q)Aα(p)Aβ(q)
=
2α
pi
{
1− 2m2
∫ 1
0
dx
∫ 1−x
0
dy
1
(p2x+ q2y)(1− x− y) +m2
}
E(p) ·B(q) (8.7)
which is non-vanishing in Fourier space, if either of the photon legs is off shell and their virtualities
p2 or q2 are non-zero. For m → 0 this gives the full anomaly source A4 of the χ field in (5.14),
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while in the opposite limit p2  m2, q2  m2, (8.7) gives
χ =
α
3pim2
F˜µνFµν +O
(
(∂2F )2
m4
)
(8.8)
in position space. Thus, the pseudoscalar field χ can be produced by an off-shell source of E ·B,
provided its scale of spatiotemporal variation is comparable to or faster/shorter than the electron
Compton wavelength m−1. The anomaly pole persists and the χ propagates even in vacuo for
m 6= 0 as in the massless case, but chiral hydrodynamics is no longer applicable and we lose the
clear connection between χ and η. It is interesting to speculate that in this case the completion
of the theory requires evaluating the 〈JJJJ〉 box diagram of Fig. 3, to find the relation between
the periodic η velocity potential phase field which is coupled directly to the anomaly and the
longitudinal chiral current field χ in the quantum vacuum of full QED4, when the hydrodynamic
relation (2.5) no longer applies.
IX. CONCLUSION AND SUMMARY
In this paper we have given an action principle and Hamiltonian for an irrotational and dissi-
pationless chiral superfluid at zero temperature, and demonstrated the close connection between
its macroscopic hydrodynamics and the QFT of massless fermions, with the axial anomaly playing
a central role. In particular, the collective chiral boson of the QFT axial anomaly effective action
may be understood as the fermion/anti-fermion (or praticle/hole) pair excitations of the Fermi
surface at zero temperature and finite fermion density. This excitation is a Chiral Density Wave.
In the chiral superfluid description there are two bosonic fields, χ and η, with χ defining the
longitudinal part of the chiral current through Jλ5 ‖ = ∂
λχ, and η the phase field Clebsch potential
that couples to the axial anomaly. The time derivative χ˙ and η form a canonical pair in the
superfluid Hamiltonian so that it is clear that these two fields are closely related, their canonical
commutator exactly reproducing the anomalous Schwinger terms in the current commutators of
the fermion QFT. In the fluid description both spatial and temportal gradients of the two fields
are related by (2.5), hence the equilibrium equation of state through the ratio µ5/n5. In the case of
D=2 this ratio µ5/n5 = pi is fixed, and the superfluid description can be extended to zero fermion
density. In this case of QED2 the superfluid effective action and that of the Schwinger model at
vanishing electric charge e= 0 actually coincide. The acoustic mode of the relativistic superfluid
is precisely the massless chiral boson vacuum excitation of the Schwinger model, and the Dirac
vacuum itself supporting this excitation may be viewed as a superfluid medium.
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In all even dimensions the commutation relation (4.1) implies that 2η is a 2pi-periodic phase field
that satisfies a non-linear realization of Goldstone’s theorem, when the ground state of the theory
has a non-zero expectation value 〈e2iη〉. Thus although the axial anomaly implies that fermionic
chiral charge is not conserved, its effects are akin to spontaneous symmetry breaking by a bosonic
field expectation value, and the massless collective chiral excitation implied by the axial anomaly
pole may be understood as a Nambu-Goldstone boson. This interpretation is further supported by
a standard consideration of a simple QFT U(1)-Higgs model of a linear realization of Goldstone’s
theorem with a general U(1) symmetric potential V (ρ), whose low energy excitation is exactly that
of the hydrodynamic description, allowing for a gapless acoustic mode with any speed of sound
0 < v2s ≤ 1. The cases where v2s < 1 correspond to the breaking of Lorentz invariance by the
ground state at non-zero chemical potential.
Clear macroscopic consequences of the axial anomaly are the Chiral Magnetic and Chiral Sep-
aration Effects, following directly from the effective action of the anomaly in D=4. In a constant
uniform magnetic field B with parallel electric field independent of transverse directions, the ax-
ial anomaly factorizes and the massless boson Chiral Density Wave reduces to that of the D= 2
Schwinger model.
Since n5/µ5 is not a constant in D > 2 dimensions, and there is a transverse component in the
chiral current which is not fixed by the axial anomaly, the chiral superfluid description of massless
fermions applies only to a subsector of the theory, and is clearly incomplete. Nevertheless in this
sector the axial anomaly pole (5.9) exists, χ still satisfies the massless wave equation (5.14) of a
propagating chiral collective boson, even when the fermion mass is non-zero, and the anomalous
current commutators (5.23) are non-vanishing. Moreover, expanding around non-zero chiral density
and chemical potential for which n5/µ5 is a constant the hydrodynamic approximation continues
to hold, and a gapless acoustic mode is obtained, although with a velocity less than the speed of
light. This shift of the velocity of the propagating gapless mode should be checked in the QFT
description by evaluating the axial anomaly triangle diagram of Fig. 2 at finite fermion density.
Based on the dimensional reduction in a background magnetic field, requiring the box diagram of
Fig. 3, we speculate that the completion of the bosonic anomalous sector in D=4 dimensions QFT
requires the evaluation of this 〈JJJJ〉 amplitude. The effect of finite fermion mass in full QED in
D=4 can be studied in this way as well.
Finally, we note that the superfluid description of the fermion vacuum should admit quantized
vortex line solutions described by the periodic phase η wrapping an integer number of times around
the azimuthal angle. In the abelian Higgs model of (4.16) finite energy vortex line solutions
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exist, where the magnitude ρ of symmetry breaking goes to the minimum ρ¯ at infinity but ρ →
0 at the center of the vortex, corresponding to the non-superconducting state. This solution
depends on having an independent eq. for the magnitude ρ as in the scalar model but not in the
hydrodynamic fluid description of (2.1), where the only degree of freedom is η, and the magnitude
of symmetry breaking n5/µ5 is fixed by a non-linear relation with ∂λη itself. That the fermion
vacuum admits vortices in a superfluid description may also be suggestive of a superfluid picture
of rotating spacetimes in general relativity [68]. These considerations and a fuller QFT treatment
of the axial and gravitational anomalies in D > 2 dimensions remain for future work.
ACKNOWLEDGMENTS
The authors are grateful to P. Glorioso, D. Kharzeev, and I. Shovkovy for useful comments. A.
S. would like particularly to thank V. I. Zakharov for many useful discussions. The work of A. S.
is partially supported through the LANL/LDRD Program. A. S. is also grateful for support by
RFBR Grant 18-02-40056 at the beginning of this project.
[1] L. Landau and E. Lifshits, Fluid Mechanics (Pergamon Press, 1959).
[2] D. T. Son, (2002), arXiv:hep-ph/0204199 [hep-ph].
[3] A. D. Dolgov and V. I. Zakharov, Nucl. Phys. B27, 525 (1971).
[4] M. Giannotti and E. Mottola, Phys. Rev. D79, 045014 (2009), arXiv:0812.0351 [hep-th].
[5] E. Mottola and R. Vaulin, Phys. Rev. D74, 064004 (2006), arXiv:gr-qc/0604051 [gr-qc].
[6] E. Mottola, Non-perturbative gravity and quantum chromodynamics: 49th Cracow School of Theoretical
Physics, Acta Phys. Polon. B41, 2031 (2010), arXiv:1008.5006 [gr-qc].
[7] J. S. Schwinger, Phys. Rev. 128, 2425 (1962).
[8] D. E. Kharzeev, J. Liao, S. A. Voloshin, and G. Wang, Prog. Part. Nucl. Phys. 88, 1 (2016),
arXiv:1511.04050 [hep-ph].
[9] X.-G. Huang, Rept. Prog. Phys. 79, 076302 (2016), arXiv:1509.04073 [nucl-th].
[10] K. Landsteiner, A Panorama of Holography: 56th Cracow School of Theoretical Physics, Acta Phys.
Polon. B47, 2617 (2016), arXiv:1610.04413 [hep-th].
[11] B. F. Schutz, Phys. Rev. D2, 2762 (1970).
[12] R. Jackiw, V. P. Nair, S. Y. Pi, and A. P. Polychronakos, J. Phys. A37, R327 (2004), arXiv:hep-
ph/0407101 [hep-ph].
[13] R. L. Seliger and G. B. Whitham, Proc. R. Soc. Lond. A 305,, 1 (1968).
[14] F. Debbasch and M. E. Brachet, Physica D: Nonlinear Phenomena 82, 255 (1995).
[15] M. Lublinsky and I. Zahed, Phys. Lett. B684, 119 (2010), arXiv:0910.1373 [hep-th].
38
[16] S. Dubovsky, L. Hui, and A. Nicolis, Phys. Rev. D89, 045016 (2014), arXiv:1107.0732 [hep-th].
[17] G. M. Monteiro, A. G. Abanov, and V. P. Nair, Phys. Rev. D91, 125033 (2015), arXiv:1410.4833
[hep-th].
[18] P. Glorioso, H. Liu, and S. Rajagopal, JHEP 01, 043 (2019), arXiv:1710.03768 [hep-th].
[19] B. F. Schutz, Phys. Rev. D4, 3559 (1971).
[20] M. G. Alford, S. K. Mallavarapu, A. Schmitt, and S. Stetina, Phys. Rev. D87, 065001 (2013),
arXiv:1212.0670 [hep-ph].
[21] A. Schmitt, Lect. Notes Phys. 888, pp.1 (2015), arXiv:1404.1284 [hep-ph].
[22] K. Johnson, Phys. Lett. 5, 253 (1963).
[23] D. N. Blaschke, R. Carballo-Rubio, and E. Mottola, JHEP 12, 153 (2014), arXiv:1407.8523 [hep-th].
[24] S. R. Coleman, Phys. Rev. D11, 2088 (1975).
[25] S. Mandelstam, Phys. Rev. D11, 3026 (1975).
[26] J. S. Schwinger, Phys. Rev. Lett. 3, 296 (1959).
[27] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961).
[28] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 124, 246 (1961).
[29] J. Goldstone, A. Salam, and S. Weinberg, Phys. Rev. 127, 965 (1962).
[30] A. Yu. Alekseev, V. V. Cheianov, and J. Frohlich, Phys. Rev. Lett. 81, 3503 (1998), arXiv:cond-
mat/9803346 [cond-mat].
[31] E. C. G. Stueckelberg, Helv. Phys. Acta 11, 225 (1938).
[32] N. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133 (1966).
[33] S. R. Coleman, Commun. Math. Phys. 31, 259 (1973).
[34] S. L. Adler, Phys. Rev. 177, 2426 (1969).
[35] S. L. Adler and W. A. Bardeen, Phys. Rev. 182, 1517 (1969).
[36] J. S. Bell and R. Jackiw, Nuovo Cim. A60, 47 (1969).
[37] S. Treiman, R. Jackiw, and D. Gross, Lectures on Current Algebra and Its Applications (Princeton
University Press, Princeton, NJ, 2015).
[38] A. Vilenkin, Phys. Rev. D22, 3080 (1980).
[39] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, Nucl.Phys. A803, 227 (2008), arXiv:0711.0950
[hep-ph].
[40] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, Phys. Rev. D 78, 074033 (2008), arXiv:0808.3382
[hep-ph].
[41] P. V. Buividovich, M. N. Chernodub, E. V. Luschevskaya, and M. I. Polikarpov, Phys. Rev. D80,
054503 (2009), arXiv:0907.0494 [hep-lat].
[42] D. E. Kharzeev and H. J. Warringa, Phys. Rev. D80, 034028 (2009), arXiv:0907.5007 [hep-ph].
[43] D. T. Son and P. Surowka, Phys. Rev. Lett. 103, 191601 (2009), arXiv:0906.5044 [hep-th].
[44] S. Pu, J.-h. Gao, and Q. Wang, Phys. Rev. D83, 094017 (2011), arXiv:1008.2418 [nucl-th].
[45] A. V. Sadofyev and M. V. Isachenkov, Phys. Lett. B697, 404 (2011), arXiv:1010.1550 [hep-th].
39
[46] A. V. Sadofyev, V. I. Shevchenko, and V. I. Zakharov, Phys. Rev. D83, 105025 (2011), arXiv:1012.1958
[hep-th].
[47] T. Kalaydzhyan and I. Kirsch, Phys. Rev. Lett. 106, 211601 (2011), arXiv:1102.4334 [hep-th].
[48] C. Hoyos, T. Nishioka, and A. O’Bannon, JHEP 10, 084 (2011), arXiv:1106.4030 [hep-th].
[49] V. P. Nair, R. Ray, and S. Roy, Phys. Rev. D86, 025012 (2012), arXiv:1112.4022 [hep-th].
[50] D. T. Son and N. Yamamoto, Phys. Rev. Lett. 109, 181602 (2012), arXiv:1203.2697 [cond-mat.mes-
hall].
[51] M. A. Stephanov and Y. Yin, Phys. Rev. Lett. 109, 162001 (2012), arXiv:1207.0747 [hep-th].
[52] K. Jensen, Phys. Rev. D85, 125017 (2012), arXiv:1203.3599 [hep-th].
[53] D. J. Gross and R. Jackiw, Nucl. Phys. B14, 269 (1969).
[54] S. L. Adler and D. G. Boulware, Phys. Rev. 184, 1740 (1969).
[55] H. B. Nielsen and M. Ninomiya, Phys. Lett. B130, 389 (1983).
[56] G. Basar and G. V. Dunne, Lect. Notes Phys. 871, 261 (2013), arXiv:1207.4199 [hep-th].
[57] V. A. Miransky and I. A. Shovkovy, Phys. Rept. 576, 1 (2015), arXiv:1503.00732 [hep-ph].
[58] Y. Loskutov and V. Skobelev, Phys. Lett. A56, 151 (1976).
[59] G. Calucci and R. Ragazzon, J. Phys. A27, 2161 (1994).
[60] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Lett. B349, 477 (1995), arXiv:hep-
ph/9412257 [hep-ph].
[61] V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys. Rev. Lett. 83, 1291 (1999), arXiv:hep-
th/9811079 [hep-th].
[62] K. Fukushima, Phys. Rev. D83, 111501 (2011), arXiv:1103.4430 [hep-ph].
[63] D. E. Kharzeev and H.-U. Yee, Phys. Rev. D83, 085007 (2011), arXiv:1012.6026 [hep-th].
[64] F. D. M. Haldane, Phys. Rev. Lett. 47, 1840 (1981).
[65] F. D. M. Haldane, J. Phys. C14, 2585 (1981).
[66] F. D. M. Haldane, Journal of Physics A: Mathematical and General 15, 507 (1982).
[67] S. R. Coleman, Annals Phys. 101, 239 (1976).
[68] G. Chapline and P. O. Mazur, Acta Phys. Polon. B45, 905 (2014), arXiv:gr-qc/0407033 [gr-qc].
[69] J. B. Kogut and L. Susskind, Phys. Rev. D11, 3594 (1975).
[70] J. H. Lowenstein and J. A. Swieca, Annals Phys. 68, 172 (1971).
[71] N. S. Manton, Annals Phys. 159, 220 (1985).
[72] J. E. Hetrick and Y. Hosotani, Phys. Rev. D38, 2621 (1988).
[73] R. Link, Phys. Rev. D42, 2103 (1990).
[74] H. Grosse, E. Langmann, and E. Raschhofer, Annals Phys. 253, 310 (1997), arXiv:hep-th/9609206
[hep-th].
[75] Y. Hosotani and R. Rodriguez, J. Phys. A31, 9925 (1998), arXiv:hep-th/9804205 [hep-th].
[76] S. Habib, Y. Kluger, E. Mottola, and J. P. Paz, Phys. Rev. Lett. 76, 4660 (1996), arXiv:hep-ph/9509413
[hep-ph].
40
Appendix A: Energy-Momentum Tensor Conservation and Comparison of H and T 00
To demonstrate the equivalence of (2.27) and (2.28) expected for charged matter in a back-
ground, non-dynamical electromagnetic field requires knowledge of the general tensorial form of
the axial anomaly in D (even) dimensions
AD = cD
α1...αDFα1α2 . . . FαD−1αD (A1)
where cD is a dimension dependent constant, and 
α1...αD is the totally anti-symmetric D-
dimensional Levi-Civita tensor, which satisfies the Schouten identity
gλβα1...αD + gλα1α2...αDβ + · · ·+ gλαDβα1...αD−1 = 0 . (A2)
In (A2) the sum is over all D + 1 cyclic permutations of the indices (ν, α1, . . . , αD). Since the
tensor on the left side of (A2) is totally anti-symmetric in all D + 1 indices, but no such tensor
exists in D dimensions, it must vanish identically. Thus, on the one hand, multiplying (A2) by
cDFα1α2 . . . FαD−1αD gives
gλβAD + cDDg
λα1α2...αDβFα1α2 . . . FαD−1αD = 0 (A3)
since the latter D terms are all the same after relabeling indices. Multiplying (A3) by ∂βη gives
−AD∂λη = cDDgλα1α2...αDβFα1α2 . . . FαD−1αD∂βη
= cDDg
λβα1α2...αDFβα1 . . . FαD−1αD(∂α2η) (A4)
after another relabeling of indices. On the other hand from (2.24),
Jν = cDD 
να2α3α4...αD ∂α2
(
η Fα3α4 . . . FαD−1αD
)
= cDD 
να2α3α4...αD−1αD Fα3α4 . . . FαD−1αD (∂α2η) (A5)
by the Bianchi identity for the electromagnetic field strength Fαβ, and therefore
F λνJν = cDDg
λβα1α2...αD Fβα1Fα3α4 . . . FαD−1αD (∂α2η) . (A6)
which coincides with (A4). Thus the equivalence of (2.27) and (2.28) is demonstrated.
The fact that the simple perfect fluid form of the Energy Momentum Tensor (2.23) satisfies the
partial conservation law (2.28) shows that it already contains the JνAν interaction term of the un-
derlying fermionic theory. However, comparing its T 00 component with the canonical Hamiltonian
H of (2.18), one finds that they differ by the anomaly term ηAD. The reason for this difference is
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again the special form of the axial anomaly (A1) being linear in the Fi0 electric component of the
field strength tensor in any dimension (all of the other indices of Fij being necessarily spatial by
anti-symmetry of the  symbol).
The difference between T 00 and H is best illustrated by a toy model in 0+ 1 dimensions defined
by the Lagrangian
Ltot[χ,A] =
m1
2
χ˙2 + χA˙+
m2
2
A˙2 ≡ Lχ + LA (A7)
where Lχ comprises the first two χ dependent terms, including the χA˙ interaction linear in the
velocity of A. This gives rise to a ‘current’ J = δStot/δA = −χ˙. If A(t), modeling the external
gauge potential, is taken to be an arbitrary non-dynamical external field, its Lagrangian LA and
eq. of motion can be neglected, and we may compute the Hamiltonian for the χ field only, obtaining
Hχ = χ˙
∂
∂χ˙
Lχ − Lχ = m1
2
χ˙2 − χA˙ = 1
2m1
p2χ − χA˙ (A8)
which contains the time dependent interaction term, and yields the correct χ eq. of motion
m1χ¨ = A˙ (A9)
analogous to the axial anomaly eq. (3.9) or (5.14) in the arbitrary potential A(t).
On the other hand, being linear in the velocity A˙, the interaction term will not appear in the
covariant definition of the energy since the action
∫
dt χA˙ is invariant under arbitrary reparame-
terizations of time. If one further calculates the total Hamiltonian corresponding to (A7)
Htot = χ˙
∂
∂χ˙
Ltot + A˙
∂
∂A˙
Ltot − Ltot = Hχ + χA˙+ m2
2
A˙2
=
m1
2
χ˙2 +
m2
2
A˙2 (A10)
the interaction term apparently cancels entirely, when Htot is expressed in terms of the coordinate
velocities, although of course the conjugate momentum pA = m2A˙ + χ = const., and the eqs. of
motion consisting of (A9) and
m2A¨ = −χ˙ (A11)
still reflect the presence of the interaction. Since
d
dt
(
m1
2
χ˙2
)
= A˙χ˙ = − d
dt
(
m2
2
A˙2
)
(A12)
the total Hamiltonian is conserved H˙tot = 0 upon using both eqs. of motion. The A˙χ˙ = EJ partial
conservation of the m1χ˙
2/2 apparently ‘free’ kinetic term of χ is analogous to the F λνJν term in the
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partial conservation (2.28) of the covariant T λν , for the apparently ‘free’ matter, which is cancelled
only if the Maxwell Eqs. of the full interacting theory are considered. Thus m1χ˙
2/2, corresponding
to
∫
ddxT 00 of the covariant tensor (2.23), contains the full interaction energy, without the χA˙
term, whereas the partial canonical Hamiltonian (A8), corresponding to
∫
ddxH of (2.18) which
differs from it and does contain the χA˙ term is not the true energy of even the χ subsystem,
although it does give the correct eq. of motion (A9) in an external potential A(t).
This curious situation is clearly tied to the special nature of the interaction linear in velocity
A˙ which models the anomaly term AD in the fluid effective action (2.1). If one takes m1 =
µ5/n5 = pi and m2 = 1/e
2 corresponding to the D = 2 Schwinger model, constrained to its
spatially independent mode, one obtains from (A9) and (A11) oscillatory solutions at the frequency
e/
√
pi, corresponding to the mass of the Schwinger model boson, with the pA constant of motion
proportional to the integration constant E0 corresponding to constant background electric field in
E = e2χ+ E0, corresponding in turn to the θ parameter θ = 2piE0/e
2 of the model.
Appendix B: Massless Fermions in D = 2 at Finite Chiral Charge Density
The two-component Dirac field Ψ for 1 + 1 dimensional massless QED can be written
Ψ =
 ψ+
ψ−
 (B1)
in terms of its chirality ± right or left moving components which satisfy
(i∂t +At)ψ± = ∓(i∂x +Ax)ψ± (B2)
and do not mix in the absence of fermion mass. Treating first the case of vanishing gauge potential
Aλ = 0, the chirality components of the Dirac field operator may be expanded in Fourier modes
ψ±(t, x) =
1√
L
∑
q≥ 1
2
(
b(±)q e
−ikq(t∓x) + d(±)†q e
ikq(t∓x)
)
(B3)
on the finite spatial interval x ∈ [0, L], where
kq =
2piq
L
, q =
1
2
,
3
2
, . . . (B4)
q taking on positive half-integer values for anti-periodic boundary conditions. The fermion Fock
space operators obey the anti-commutation relations{
b(±)q , b
(±)†
q′
}
= δq,q′ =
{
d(±)q , d
(±)†
q′
}
(B5)
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with all other anti-commutators vanishing. The free fermion Dirac vacuum is defined by
b(±)q |0〉 = d(±)q |0〉 = 0 , ∀ q (B6)
while the fermion chiral densities can be expressed in the form
:ψ†±ψ± : =
1
L
∑
n∈Z
ρ(±)n e
−iknt e±iknx (B7)
where the colons denote normal ordering with respect to the Dirac vacuum, and
ρ
(±)
n>0 =
n− 1
2∑
q= 1
2
d
(±)
n−qb
(±)
q +
∞∑
q=n+ 1
2
(
b
(±)†
q−n b
(±)
q − d(±)†q−nd(±)q
)
, ρ
(±)
−n = ρ
(±) †
n (B8)
with n taking on integer values. A short calculation shows that the bosonic operators
a(±)n ≡ −
i√|n| ρ(±)n , n 6= 0 (B9)
obey the canonical commutation relations
[
a(±)n , a
(±)†
n′
]
= δn,n′ , (B10)
with the other commutators vanishing. The n = 0 modes must be treated separately.
The chiral boson fields (χ, η) in D=2 are given in terms of the bosonic operators through
χ = −(φ+ − φ−) , η = −pi χ = pi (φ+ − φ−) (B11)
where
φ±(t, x) ≡ 1
2pi
∞∑
n=1
1√
n
(
a(±)n e
−ikn(t∓x) + a(±)†n e
ikn(t∓x)
)
+ φ0±(t, x) ≡ φ¯± + φ0±(t, x) (B12)
and φ0± is the contribution of the n = 0 modes. These are linear in t and x and given by
φ0± =
1
2pi
R± +
1
L
(t∓ x)Q± , Q± =
∫ L
0
dx :ψ†±ψ± : (B13)
obeying the commutation relation
[R±, Q±] = i (B14)
with the remaining commutators [R±, Q∓] = 0 vanishing.
These relations allow us to identify the n = 0 mode coordinate of the η field
ηˆ0 ≡ 1
2
(
R+ −R−
)
, [ηˆ0, Q5] = i (B15)
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with the phase coordinate that should acquire a non-zero expectation value η0 if chiral symmetry
is spontaneously broken in D = 2 according to the general discussion of Sec. IV. Its conjugate
’momentum’ is Q5, so that if ηˆ0 is sharply defined, Q5 is maximally uncertain, and visa versa.
The operators of ± chiral charge for A2 = 0 are
Q± =
∫ L
0
dx :ψ†±ψ±: = ρ
(±)
0 =
∑
q≥ 1
2
(
b(±)†q b
(±)
q − d(±)†q d(±)q
)
(B16)
defined by normal ordering with respect to the Dirac vacuum state. The electric charge and axial
charge operators given then by
Q =
∫ L
0
dx j0 = Q+ +Q− =
∫ L
0
dx
∂
∂x
χ =
(
φ0− − φ0+
)∣∣∣x=L
x=0
(B17a)
Q5 =
∫ L
0
dx j05 = Q+ −Q− = −
∫ L
0
dx
∂
∂t
χ =
∫ L
0
dx
(
φ˙0+ − φ˙0−
)
(B17b)
respectively, where (3.10), (B11) and (B12) have been used.
At zero temperature it is straightforward to construct a fermion state with finite chiral charge
density by filling single particle positive chirality states and single anti-particle negative chirality
states up to a sharp Fermi momentum k ≤ kF = µ5. Thus we define the filled Fermi level states
∣∣N〉 ≡

∏
1
2
≤q≤q
N
bq
(+)† dq(−)†
∣∣0〉 for N = 1, 2, . . .
|0〉 for N = 0∏
1
2
≤q<q|N|
bq
(−)† dq(+)†
∣∣0〉 for N = −1,−2, . . .
, qN ≡ N −
1
2
≤ µ5L
2pi
< qN+1 (B18)
for every integer N ∈ Z and all real µ5. These states are eigenstates of chiral charge:
Q±
∣∣N〉 = ±N ∣∣N〉 , Q∣∣N〉 = 0 , Q5∣∣N〉 = 2N ∣∣N〉 (B19)
since there are equal integer numbers of occupied single particle and anti-particle states in |N〉,
and particles and anti-particles carry opposite electric charges.
The unitary operator
U ≡ e2iηˆ0 = exp
{
i
(
R+ −R−
)}
(B20)
satisfies [
Q5, U
]
= i
[
Q5,
(
R+ −R−
)]
U = 2U ,
[
Q,U
]
= 0 (B21)
so that U raises the chiral charge Q5 by 2 units, and its phase can be chosen so that
U |N〉 = |N + 1〉 (B22)
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without changing the value of Q vanishing electric charge sector. From (B19) it follows that
exp(ipiQ5) is the unit operator on any |N〉 state, and hence from (4.3) that 2η is a 2pi-periodic
phase field [69].
From the definition of qN in (B18) we have
µ5L
2pi
+
1
2
= N + fr
{
µ5L
2pi
}
(B23)
where fr{...} ∈ [0, 1) denotes the fractional part of the quantity within the brackets. Dividing Q5
in (B19) by the linear volume L and passing to the infinite L limit
n5 = lim
L→∞
1
L
〈
N
∣∣Q5∣∣N〉 = lim
L→∞
1
L
(
µ5L
pi
+ 1− 2 fr
{
µ5L
2pi
})
=
µ5
pi
(B24)
is the chiral charge density in the continuum limit, since the fractional part drops out in this limit.
At exactly zero electric coupling e = 0, Q5 is conserved and any of its eigenstates |N〉 are also
eigenstates of the free Dirac fermion Hamiltonian, which can be normal ordered as
Hf =
∫ L
0
dx :ψ†
(
−iσ3 ∂
∂x
)
ψ : =
∑
s=±
∑
q≥ 1
2
kq
(
b(s)†q b
(s)
q + d
(s)†
q d
(s)
q
)
. (B25)
Thus the state (B18) is an eigenstate of Hf with eigenvalue EN given by
Hf
∣∣N〉 = EN ∣∣N〉 = (2 qN∑
q= 1
2
kq
)∣∣N〉 = 2pi
L
N2
∣∣N〉 = pi
2L
Q25
∣∣N〉 (B26)
and the energy density of this state in the infinite volume limit is
ε = lim
L→∞
2
L
q
N∑
q= 1
2
kq = 2
∫ µ5
0
dk
2pi
k =
µ25
2pi
=
pi
2
n25 . (B27)
If one evaluates the chiral symmetry breaking condensate 〈N ′|ψ¯ψ|N〉, then noting that its only
non-zero matrix elements are for N ′ = N ± 1, these are given by
〈
N
∣∣ψ¯ψ∣∣N + 1〉 = 1
L
exp
{
−2pii (2N + 1) t
L
}
=
[〈
N + 1
∣∣ψ¯ψ∣∣N〉]∗ (B28)
independent of x. Thus the condensate has vanishing expectation value in any |N〉 state.
The Grand Canonical Potential function for the fermions
Ωf ≡ Hf − µ5Q5 (B29)
may also be defined at finite L and has eigenvalue
ΩN =
2piN
L
(
N − µ5L
pi
)
(B30)
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in the state |N〉. This can be compared with pressure calculated directly from the definition
p = 〈Txx〉 (B31)
of the fermion energy-momentum-stress tensor which is given by
Tλν = − i
4
[
ψ¯ , γ(λ
↔
∂ν) ψ
]
(B32)
where the commutator anti-symmetrizes the fermion operators. Taking the expectation value of
Ttt gives ε in (B27). For Txx we obtain
p = 2
∫
dk
2pi
k =
µ25
2pi
= ε (B33)
consistent with the tracelessness of the stress tensor −Ttt + Txx = 0 for a massless fermion, and
the negative of the eigenvalue of the Grand Canonical Potential Ω. From (B24), (B27) and (B33)
we verify the Gibbs relation
ε+ p = µ5n5 (B34)
for the two-dimensional massless fermion fluid in the absence of any interactions.
We can also use the energy-momentum tensor to prove that the state |N〉 with any µ5 is Lorentz
invariant. The generator of Lorentz boosts is∫ L
0
dx :T 01 :=
∑
q≥ 1
2
kq
{
b(−)†q b
(−)
q + d
(−)†
q d
(−)
q − b(+)†q b(+)q − d(+)†q d(+)q
}
. (B35)
The contribution of right-handed particles enter with a sign opposite to the contribution of the
left-handed particles, but the state |N〉 involves the same number of right (left) particles and left
(right) anti-particles resulting in a cancellation of the momentum transfer∫ L
0
dx :T 01 :
∣∣N〉 = 0 (B36)
proving the Lorentz invariance of the arbitrary |N〉 state, consistent with the velocity vs = 1 of
the CDW of the η phase field composed of massless fermions in D=2.
Appendix C: Coupling to the Gauge Field and Fate of the Goldstone Mode in D=2
The |N〉 states of B18 are defined in the strictly free theory (e ≡ 0) in the absence of any
interaction with the U(1) gauge potential. Since the energy (B26) is proportional to N2, hence Q25,
the ground state of the free fermion system is the N=0 state with Q5 =0 and exact chiral symmetry
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preserved. When the non-zero chiral chemical potential is turned on, Q5 is non-zero according
to (B24) and chiral symmetry is broken, but in either case a sharp value for the momentum
operator Q5 means that the conjugate position operator ηˆ0 of (B15) is completely uncertain and
the conditions for the Nambu-Goldstone mode given in Sec. IV do not clearly apply since 〈ei2ηˆ0〉 is
ill-defined. Indeed, it is well-known that Goldstone’s theorem breaks down in D=2 [32, 33]. How
then should the gapless anomaly pole of Sec. III be understood?
Clarifying the situation in D = 2 requires turning on the gauge field coupling e 6= 0 and con-
sidering the Schwinger model in a finite spatial volume L. When e 6= 0 the bare fermion N = 0
vacuum state fails to satisfy the cluster decomposition property, signaling the appearance of off-
diagonal long range order and spontaneous chiral symmetry breaking [69, 70]. Of course in the full
Schwinger model the would-be Goldstone mode is ‘eaten’ by the gauge field by the Stuekelberg-
Higgs mechanism and the χ boson becomes massive, with mass gap M = e/
√
pi, but here we are
interested in the limit e→ 0.
When e 6=0 it is convenient to switch to a Hamiltonian treatment of the Schwinger model in the
Schro¨dinger picture [71–73]. In a given Lorentz frame the spatial component of the gauge potential
Ax can be decomposed it into a longitudinal piece, ∂xΛ and a ’transverse’ piece, denoted by A.
In one spatial dimension, ’transverse’ means ∂xA = 0 so that A = A(t) is independent of x and a
single quantum mechanical variable. Defining a field Φ(t, x) ≡ Λ˙−At for the time component At,
the general gauge potential can be written
At = Λ˙− Φ (C1a)
Ax = ∂xΛ +A . (C1b)
The usefulness of this parameterization is that under the U(1) gauge transformation
Aa → Aa + ∂aλ =⇒ Λ→ Λ + λ (C2)
so that Λ parameterizes the gauge orbit, and the remaining field Φ and single degree of freedom A
taken to be gauge invariant. The electric field Ex = F
01 = −A˙− ∂xΦ is clearly independent of Λ
and gauge invariant.
Constructing the canonical Hamiltonian in the standard way from (3.1) gives
H =
e2
2L
Π2A +Hf (A) +Hc (C3)
in terms of gauge invariant variables, where
ΠA ≡ δScl
δA˙
=
LE
e2
(C4)
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is the momentum conjugate to A, given in terms of the ‘transverse,’ i.e. spatially constant electric
field E = −A˙,
Hf (A) = −
∫ L
0
dxΨ†(x)σ3
(
i∂x +A
)
Ψ(x) (C5)
is the Dirac fermion kinetic Hamiltonian, and
Hc =
1
2
∫ L
0
dxΦ(x)ρ(x) =
e2
2
∫ L
0
dx
∫ L
0
dx′ ρ(x)DL(x, x′)ρ(x′) (C6)
is the Coulomb interaction. This results from solving the Gauss Law constraint
∂xEx = −∂2xΦ = e2ρ = e2j0 = e2Ψ†Ψ (C7)
in terms of the Green’s function inverse
DL(x, x
′) =
1
L
∑
n∈Z, n 6=0
1
k2n
exp
{
ikn(x− x′)
}
=
L
2
− |x− x
′|
2
+
(x− x′)2
2L
(C8)
of the one-dimensional Laplacian −∂2x defined on the periodic interval x, x′ ∈ [0, L], with kn =
2pin/L and DL satisfying
−∂2xDL(x, x′) =
1
L
∑
n∈Z, n 6=0
exp
{
ikn(x− x′)
}
= δL(x− x′)− 1
L
. (C9)
Integrating (C7) over the spatial interval implies that the total electric charge must vanish on the
physical state space with periodic boundary conditions. This insures that the n = 0 constant term
in DL which is omitted from the sum in (C8) does contribute to Hc, and also accounts for the
difference of (C9) from a pure δL(x− x′) function periodic on the interval.
In order to diagonalize the full H (C3) in both the zero mode (n = 0) and non-zero mode
(n 6= 0) subspaces, the spatial Fourier transforms of the two chirality components
ψ±(x) =
1√
L
∑
q∈Z+ 1
2
c(±)q e
ikqx (C10)
are introduced, obeying anti-periodic boundary conditions on the interval if q = ±12 ,±32 , . . . taking
on all (positive or negative) half-integer values, and the anti-commutation relations{
c
(±)†
q′ , c
(±)
q
}
= δqq′ (C11)
all other anti-commutators vanishing. Substituting (C10) into (C5) gives
Hf (A) =
∑
q∈Z+ 1
2
{(
kq −A
)
c(+)†q c
(+)
q −
(
kq −A
)
c(−)†q c
(−)
q
}
(C12)
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for the unregularized fermion Hamiltonian. Regularization of Hf (A) may be performed in a number
of different ways, for example the normal ordering prescription for the Dirac vacuum
c(+)q
∣∣0〉 = c(−)†q ∣∣0〉 = 0 , kq −A ≥ 0 (C13a)
c(−)q
∣∣0〉 = c(+)†q ∣∣0〉 = 0 , kq −A < 0 (C13b)
re-ordering and discarding the contribution of the Dirac sea. This gives
:Hf (A) : =
2pi
L
 ∑
q≥NCS
(
q −NCS
)
c(+)†q c
(+)
q +
∑
q<NCS
(
NCS − q
)
c(+)q c
(+)†
q
+
∑
q≤NCS
(
NCS − q
)
c(−)†q c
(−)
q +
∑
q>NCS
(
q −NCS
)
c(−)q c
(−)†
q
 (C14)
where the colons denote that normal ordering has been performed, and
NCS ≡ 1
2pi
∮
S1
Aλdx
λ =
1
2pi
∫ L
0
Ax dx =
AL
2pi
≡ [NCS ] + fr{NCS} (C15)
is the gauge invariant Chern-Simons number. Here [NCS ] ∈ Z is an integer (the ‘floor’ of NCS)
and fr{NCS} is its fractional part. NCS takes on integer values for periodic windings of the U(1)
gauge potential Ax around the spatial configuration space [0, L], which has the topology of a circle
S1 for periodic boundary conditions. These integers describe a periodic vacuum structure, with
NCS → NCS +N being topologically non-trivial ‘large’ gauge transformations Λ(L)−Λ(0) = 2piN
for which eiΛ(L) = eiΛ(0) leads to a physically equivalent gauge potential. Since Ax = A is an
arbitrary spatial constant, so that NCS takes on arbitrary continuous (non-vacuum) values NCS ∈
(−∞,∞). Owing to the periodic vacuum structure, its range can be restricted to its fractional
part fr(NCS) ∈ [0, 1) provided we sum over all equivalent vacuum sectors labelled by N ∈ Z.
According to the definition of the fermion Fock vacuum state (C13), we generalize the definition
of the Q = 0 state with unequal chiral Fermi surfaces of (B18) to arbitrary finite A by [71]
∣∣N ;A〉 ≡

∏
NCS−1/2<q≤qN
cq
(+)† cq(−)
∣∣0〉 for N = [NCS ] + 1, [NCS ] + 2, . . .
|0〉 for N = [NCS ]∏
q
N+1
≤q<NCS+1/2
cq
(+) cq
(−)†∣∣0〉 for N = [NCS ]− 1, [NCS ]− 2, . . .
(C16)
with qN defined as before in (B18). For A = 0, NCS = 0, this reduces to (B18) with the identification
of c
(+)
q = b
(+)
q , c
(−)
q = d
(−)†
q for q ≥ 1/2 positive, and c(+)q = b(+)†−q , c(−)q = d(−)−q for q ≤ −1/2 negative.
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Since the energies of the single particle occupied states are shifted: kq → kq − A, the normal
ordering also shifts the Q± operators so that only those single particle states with positive energy
kq −A > 0 =⇒ q ≥ 1
2
+NCS (C17)
should be counted in the sums after the shift. Since
q
N∑
q≥ 1
2
+NCS
1 =
(
N∑
n=1
−
NCS∑
n=1
)
1 = N −NCS (C18)
the eigenvalues of Q± in the state defined by (B18) but with energy levels shifted by A according
to (C17) are given by
Q±
∣∣N ;A〉 = qN∑
q≥ 1
2
+NCS
∣∣N ;A〉 = ±(N −NCS)∣∣N ;A〉 (C19)
and
Q5
∣∣N ;A〉 = (Q+ −Q−)∣∣N ;A〉 = 2 (N −NCS)∣∣N ;A〉 . (C20)
Likewise the state
∣∣N ;A〉 is also an eigenstate of the Dirac Hamiltonian with eigenvalue
EN ;A = 2
q
N∑
q≥ 1
2
+NCS
(kq −A) = 4pi
L
(
N∑
n=1
−
NCS∑
n=1
)(
n− 1
2
−NCS
)
=
2pi
L
(
N(N + 1)−NCS(NCS + 1)− (2NCS + 1) (N −NCS)
)
=
2pi
L
(
N −NCS
)2
(C21)
so that
:Hf (A) :
∣∣N ;A〉 = EN ;A∣∣N ;A〉 = pi
2L
Q25
∣∣N ;A〉 (C22)
and the last form of (B26) remains valid for the shifted Q5. Note that (C20) implies
dQ5
dt
= −2 dNCS
dt
= −A˙
pi
L =
∫ L
0
dxA2 (C23)
as required by the axial anomaly (3.6).
The fermion Hamiltonian (C5) can be decomposed into its spatially constant zero mode part
H0, and its non-zero mode part which is composed of the bosonized field operators φ¯+−φ¯− of (B8),
(B9) and (B12), normal ordered in a†n, an. These describe fermion/anti-fermion pair excitations of
the |N ;A〉 base states with higher energy, but which are otherwise independent of A [71, 73]. The
boson Hamiltonian together with the Coulomb interaction (C6) can be diagonalized by a unitary
canonical transformation eiS whose net effect is to endow the boson field with a mass M = e/
√
pi,
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and normal order its Hamiltonian with respect to this mass [72, 73]. This n 6= 0 bosonic part of
H commutes with the zero mode part H0. Thus to find the ground state of the full Hamiltonian,
one can focus only upon the zero mode subspace spanned by the |N ;A〉 states, with Hamiltonian
H0 =
e2
2L
Π2A +
pi
2L
Q25 (C24)
from (C3) and (C22). Denoting the coordinate q5 corresponding to the operator Q5, we observe
that pi dq5 = −LdA, so that evidently H0 is a simple harmonic oscillator Hamiltonian on this
one-dimensional space of states, where the momentum ΠA can be represented as
ΠA = −i ∂
∂A
+
Lθ
2pi
=
L
pi
(
i
∂
∂q5
+
θ
2
)
(C25)
in the Schro¨dinger representation, where the real constant θ allows for a constant background
electric field E0 = e
2θ/2pi [67]. Hence the ground state wave functional of the Schwinger model
normalized by
∫∞
−∞ dq5 is the Gaussian weighted sum [72, 73]∣∣θ〉 = (ML)− 14 ∞∑
N=−∞
exp
{
− 2pi
ML
(
N − fr{NCS}
)2
+ iθ
(
N − fr{NCS}
)}
e−iS
∣∣N ;A〉
= (ML)−
1
4 exp
{
− pi q
2
5
2ML
+
iθq5
2
}
e−iS
∣∣q5〉 (C26)
with fr{NCS} ∈ [0, 1) restricted to its fractional part in the first expression, and the operator e−iS
needed to diagonalize the Coulomb interaction term Hc, given explicitly in Refs. [73–75]. The
zero-point energy (and negative pressure) of this |θ〉 vacuum state is M/2.
The point pertinent to our discussion of Sec. IV is that this ground state (C26) parameterized
by θ ∈ [0, 2pi] breaks chiral symmetry. A chiral rotation of α acting upon it shifts θ according to
eiαQ5
∣∣θ〉 = ∣∣θ + 2α〉 (C27)
by (C20), and α = pi the identity operator, well-defined for any finite eL. The expectation value of
the chiral symmetry breaking condensate operator ψ†−ψ+ in the Gaussian |θ〉 state is correspond-
ingly well-defined for eL finite, and takes on the non-zero value〈
θ
∣∣ψ†−ψ+∣∣θ〉 = eiθ exp(− piML)B(M,L) (C28)
in our phase convention, where B(M,L) resulting from the normal ordering transformation e−iS
from zero to finite boson mass M is given in Refs. [72–75]. B(M,L) goes to the finite value 1/L
as ML→ 0, so that the condensate (C28) vanishes exponentially in this limit.
It will now be evident also that dependence of the Gaussian width and overlap between successive
|N ;A〉 states upon the product eL means that the limits e→ 0 (L fixed) and L→∞ (e fixed) do
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not commute. In the first limit, the Gaussian becomes infinitely sharply peaked around q5 = 0, and
the θ dependence drops out entirely. The state |θ〉 becomes non-normalizable and the spontaneous
symmetry breaking condensate (C28) vanishes, as in the free fermion theory of Appendix B in this
singular limit. If on the other hand we take the limit e → 0, L → ∞ with eL fixed, the |θ〉 state
is well-defined, (C27) remains valid, the condensate (C28) is non-vanishing, and chiral symmetry
remains broken. An approximately massless Goldstone pole is also recovered over the very large
range of momentum scales
k M ∼ 1
L
(C29)
or distance scales
|x|  e−1 ∼ L (C30)
for arbitrarily large lineal spatial volume as e→ 0 and L→∞ together. The variable ηˆ0 of (B15)
conjugate to Q5 is peaked around η0 = θ/2 consistent with (4.4) and (4.7) but with a finite root
mean square width of order (eL)−
1
2 . This can be made arbitrarily small (but finite) if eL  1,
with the range (C30) for which Goldstone’s theorem applies then restricted to |x|  e−1  L.
This discussion is easily generalized to a state with finite chiral density at zero temperature by
considering the Grand Canonical Potential in this zero mode sector, which is
Ω = H0 − µ5Q5 = pi
2
2e2L
{
e4L2
pi4
(
−i ∂
∂q5
− θ
2
)2
+
e2
pi
(
q5 − µ5L
pi
)2}
− µ
2
5L
2pi
(C31)
in the zero mode q5 coordinate representation. Hence with the shift q5 → q5 − µ5L/pi we obtain
|θ;µ5〉 = (ML)−
1
4
∞∑
N=−∞
exp
{
− 2pi
ML
(
N − fr{NCS} − µ5L
2pi
)2
+ iθ
(
N − fr{NCS} − µ5L
2pi
)}
e−iS
∣∣N ;A〉
= (ML)−
1
4 exp
{
− pi
2ML
(
q5 − µ5L
pi
)2
+
iθ
2
(
q5 − µ5L
pi
)}
e−iS
∣∣q5〉 (C32)
from (C26). The chiral symmetry is broken and the conditions for the Nambu-Goldstone theorem
are again satisfied in the same sense as before for the coordinate ranges (C29)-(C30).
In the Schro¨dinger picture |θ;µ5〉 will be recognized as a (non-stationary) coherent Gaussian
state of the harmonic oscillator displaced from its minimum, with its evolution described by
e−iH0t
∣∣θ;µ5〉 = (ML)− 14 exp{− pi
2ML
(
q5 − q¯5
)2
+
iθ
2
(
q5 − µ5L
pi
)
+ ip¯5
(
q5 − q¯5
2
)
− i
2
Mt
}
e−iS
∣∣q5〉
(C33)
where q¯5(t), p¯5(t) are the time dependent centroid and corresponding momentum of the coherent
state Gaussian. These satisfy the classical eqs. of the oscillator [76], and in the present case with
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initial conditions set by (C32) are simply
q¯5(t) =
µ5L
pi
cos (Mt) (C34a)
p¯5(t) =
pi
M2L
dq¯5
dt
= −µ5
M
sin (Mt) . (C34b)
Since the chiral symmetry breaking condensate operator ψ†−ψ+ has non-zero matrix elements be-
tween neighboring winding number sectors N and N + 1, according to (B28), and its expectation
value in the time independent Gaussian stationary state |θ〉 is given by (C28), we obtain
〈
θ;µ5
∣∣eiH0t ψ†−ψ+ e−iH0t∣∣θ;µ5〉 = exp (2i p¯5(t)) eiθ e−pi/MLB(M,L) (C35)
in the time dependent state of non-zero chemical potential µ5. The time dependent phase
exp
(
2i p¯5(t)
)
= exp
{
−2iµ5
M
sin(Mt)
}
≈ e−2iµ5t (C36)
for Mt  1. This shows that the chiral phase 2η = −2µ5t as expected for a finite condensate
transforming as a 2pi-periodic phase field corresponding to the complex scalar in the abelian Higgs
model (4.19) with g = ±2, but only for times t  M−1, consistent with the restriction on the
spatial range (C30) where the phase is well-defined. This range of time and spatial scales where
the Goldstone theorem of Sec. IV applies is arbitrarily large for e→ 0, provided L 1/e.
Finally is easily checked that ∫ L
0
dx :T 01 :
∣∣θ;µ5〉 = 0 (C37)
so that the proof of Lorentz invariance of the finite chiral density states shown in Appendix B holds
for the superposition |θ;µ5〉 states as well, so that the gapless Goldstone mode propagates at the
speed of ‘light’ vs = c=1 for all µ5 in D=2 dimensions, consistent with the discussion in Sec. IV,
with zero fermion mass.
